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PREFACE

The programme of Development of 3ridge Course Materials 

in Mathematics for the Secondary School Teachers of Kerala 

who have been recently promoted from upper primary schools 

was taken up at the request of the Kerala state. As these 

teachers are not familiar with content and Methodology of 

Teaching Mathematics topics at the secondary school level, 

it was felt that a suitable Bridge Course should be 

developed to make these teachers teach Mathematics 

competently at the secondary level. A two-day preliminary 

workshop was held in RIE, Mysore on 3rd and 4th November 

1999 to identify the gaps in Content and Methodology of 

Teaching Mathematics in these teachers. Ten such teachers 

and five Mathematics Education experts from Kerala 

participated in this workshop. The topics were identified 

for the development of Bridge Course Materials. Bridge 

Course Materials on these topics have been developed by 

the RIE, Mysore Mathematics Faculty. These Bridge Course 

Materials may be used in the Training Programmes to be 

organised at state level by SCERT, Thiruvananthapuram. These 

materials may also be used by such teachers as self -learning 

materials in the absence of such training programmes.

Academic Co-ordinator
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COMMERCIAL MATHEMATICS

Simple Interest
Many people take loan from others depending upon their 

necessities. When they repay the loan after certain period, 

they will have to give some more money. This additional 

amount is meant for meeting the service charges and other 

expenditures.

The amount of loan which is borrowed is called

Principle (P). The additional amount which has to be repaid 

is called the Interest (I). The interest will depend upon 

the principle (P) and the time period (T or N).

The interest charged for Rs. 100/- for one year is

called the rate of interest (R) or interest per cent

When we say that the rate of interest is 8%, it means

the person who takes a loan of Rs. 100/-, will have to

Rs. 108/- at the end of one year.

We can calculate the simple interest by using

formula

(%) •

that

repay

the

I = PNR

Ex.l: What is the simple interest on Rs. 300/- at the rate

of 9% for 4 years ?

Ans: We use the formula

I = PNR

In this case P = Rs. 300

N = 4 years

R 9%
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9
. . I = 300 x 4 x ---

100

= Rs. 10 8/-

Interest = Rs. 108/-

Before passing on to the section of compound interest, 

work out all the following problems on simple interest.

Find the simple interest in the following:

Principle (P)_________Rate of interest (R)_____ Time (Period) (N)

1. Rs. 250 6% 1 year

2 . Rs. 300 8% 2 years

3 . Rs. 500
1

5- %
2

1
2-
2
years

4 . Rs. 800 10% 5 years

5 . Rs. 400 4%
1

2- years
4

6. Find the principle (amount) which earns Rs. 90 as simple

1
interest for 3 years at the rate of 7- % per year.

2

7. Find the principle which earns Rs. 384 as simple interest 

for 2 years at the rate of 8% per year.

8
(Hint: 384 =Px2x --- , find P)

100

8. If Rs. 100 is deposited in any bank, you will receive 

Rs. 133/- after three years. Then find the rate of simple

interest.

8
(Hint: 133-100 = 33 = 100 x 3 x --- , find R)

100
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9. An amount of Rs. 1800 deposited in a bank for some years 

earns Rs. 243 as interest at the rate of 6% per year. 

Find the number of years.

6

(Hint: 243 = 1800 x --- x N, find N)

100

10. In how many years a principle doubles at the simple 

interest rate of 10% per year ?

(Hint: Let P be the principle. It doubles after N years.
10

P=PxNx ---, find N)
100

Compound Interest
Find the simple interest (SI) for the principle of Rs.

1000 at the end of three years (N) at the rate of 10% (R)

per year.

PNR 
SI = ---

100

10
= 1000 x 3 x ---

100

= Rs. 300

Now consider the following case.

What happens if the interest earned in that year is

added to the principle at the end of every year ?

Principal for the first year = Rs. 1000 PxRxT =

Interest for the first year = Rs. 100 10
= 1000x---xl

Amount at the end = 1000 + 100 100
of the first year = Rs. 1100

= 100
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Principal for the second year = Rs. 1100

Interest for Rs. 1100 in the = Rs. 110
second year

Amount at the end of = Principal +
second year Interest

= 1100 + 110

= Rs. 1210

Principal for the third year = Rs. 1210

Interest for Rs. 1210 in = Rs. 121

10
HOOx---- xl

100
= 110

10
1210x---xl

100

= 121the third year

Amount at the end of third year = Principal + 
Interest

= 1210 + 121 
= Rs. 1331

Total interest earned by Rs.1000
at the end of third year = Total amount -

Principal

= 1331 - 1000

= Rs. 331

This interest is Rs. 31 more than the simple interest 

(SI) calculated above. This excess in interest is due to the 

fact that the principal for the second year was more than 

the principal for the first year. The principal for the 

third year was still moire than the principal for the second 

year. The interest calculated in this manner is called 

compound interest.

Now see the comparison:

Simple Interest (SI) Compound Interest '(CI)
Time Principal Interest Time Principal Interest
(yr) (Rs) (yr) (Rs)

I year 1000 100 I year 1000 100

II year 1000 100 II year 1100 110

III year 1000 100 III year 1210 121

Total interest Rs. 300 Total interest Rs. 331
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Compare the principal in the beginning of every year 

and the interest earned in that year.

(i) In the case of simple interest - Principal remains 

constant, the interest earned in that year also remains

the same.

In the case of compound interest - The interest earned

in that year adds up to the principal and hence the

principal goes on increasing; the interest also goes on

increasing in the ratio proportion.

SIMPLE INTEREST COMPOUND INTEREST

Principal and Interest got in that year is
interest remains added to the principal 'at the
the same throughout end of that year and the total

amount becomes the principal 
for the next year

Here the interest is compounded (added) to the 

principal every year. The interest of this year again gains 

the interest for the next year. Therefore this procedure of 

calculating the interest is called the "compound interest".

Now read the worked out examples (Ex. 1 and Ex. 2 page 

21) given in your text book. See that your students work out
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all the problems given in practice problem 2(1) page 22 of 

the your text book. We work out one of the problems here to 

show the steDS involved.

3. Hari took a loan of Rs 8000 from a bank at 12

compound interest. How much should he pay at the end

third year to close the account ?

Ans:
25 1

Principal at the beginning = Rs. 8000 8000x--x—
of the first year 2 100

Interest for Rs. 8000 at the = Rs. 1000 = 1000
rate of 12.5% for one year

25 1
Principal at the beginning = Rs. 9000 900Ox--x—
of the second year 2 100
(Principal + Interest)

= 1125
Interest for Rs. 9000 for = Rs. 1125
one year

25 1
Principal at the beginning = Rs. 10125 10125X--x---
of the third year 2 100
(Principal + Interest)

= 1265.63
Interest for Rs. 10125/- = Rs. 1265.63
for one year

The amount Hari owes to the (10125+1265.63)
bank at the end of third year = Rs. 11390.63

Compound interest calculated half yearly *
If the compound interest is calculated once in six

months, the following procedure may be adopted.

Ex: Sarala deposits Rs. 5000 with a bank at 10% compound
interest 
year wha

If the bank 
t amount will she

calculates 
get at the

interest 
end of one

every half 
s year ?

Ans:
1 10

Principal at 
of the first

the beginning 
half year

= Rs. 5000 5000x-x---
2 100

Interest for 
half year @

Rs. 5000 for
10%

= Rs. 250 = 250
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Principal at the beginning of 
the second half of that year 
(Principal + Interest)

= Rs. 5250 1 10
5250x-x---

2 100

Interest for Rs. 5250 for 
half year @ 10%

= Rs. 262.50 = 262.50

The total amount that Sarala = Rs. 5250 +
gets at the end of the year Rs. 262.50
(Principal + Interest)

= Rs. 5512.50

Now every teacher has to make sure that all the

students work out all the four problems at 2(2) page 22 of 

your text book.

Compound Interest Formula I
Let the principal (P) be Rs. 1000/-

Rate of interest (r) be 10%

10
Interest for the first year (I) = 1000 x --- Rs.

100

10
Amount (A) at the end of one year = 1000 + 1000 x ---

100

10
= 1000 (1 + ---) ... (l)

100

10
II years Principal = 1000 + 1000 x ---

100

10
= 1000 (1 + --- )

100

10 10
Interest for the second year = 1000 (1+---) x ---

100 100

Amount(A) at the 
end of II year

Principal of II year+Interest of II year

10 10 10
= 1000 (1 + )+1000(l+ ) 

100 100 100
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10 10
= 1000 (1 + ---) [1 + ---]

100 100

10
(Note here that 1000(1 + ---) has been taken common outside

100

the bracket)

10 10
= 1000(1 + ----)(1 + --- )

1000 100

10 V
= looof1 + -----

100 J (2

10

100
III years principal = 1000 1 + ---

10 \2
Interest of the III year = 1000(1 + ---I x

100/

10

100

Amount (A) at the end of III year =

= III year's principal + Interest of III year 

10 \ 2 10

100

10 \ 2
= 1000(l + --- ) + looof1 + ---

100

= 1000 1 + ---

100/

10 \ 2

100

10
[1 + ---] 

100

10 \ 2
(Taking common 1000(l + --- ]

100 I

10 \ 3
= 100011 + ---

100

Similarly the amount (A) at the end of IV year = 

10 x 4
= 1000 [1 +---

100

(3)

(4)
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Comparing (1), (2), (3) and (4), we can with the formula for

calculating total amount as:

Where P is the principal, r is the rate of interest and A is 

the total amount at the end of n years.

Compound Interest (CI) = Amount - Principal

= A - P

Example: Find the amount and the compound interest for 

principal of Rs. 500/- with rate of interest 

10% to be calculated annually, after two years.

Ans: Rate of interest (r) = 10%

Principal (P) = 500

Number of years (n) = 2

the

being

Amount (A) =

11 11 
= 500 x -- x --

10 10

Rs. 605
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Compound Interest = A - P

= 605 - 500

= Rs. 105

Exercises

Find the compound interest in the following probl

(i) For Rs . 2000 at the rate of 6% for 2 years

(ii) For Rs. 3500 at the rate of 8% for 2 years

(iii) For Rs. 5000 at the rate of 8% for 3 years

(iv) For Rs . 4000 at the rate of 10% for 3 years

2. Find the simple interest for Rs. 2500 for one year at the 

rate of 10% and the compound interest for the same amount 

at the same rate to be compounded once in 6 months for

one year.

Simple interest for one year Compound interest for one year
10

SI = 2500 x --- 
100

A = 2500

= Rs. 250
105 105

= 2500 (---) (---)
100 100

= 2755.25

CI = A - P

= 2755.25 - 2500

= Rs. 255.25

(Note that the interest rate of 10% per year is to be 

considered as 5% per half year).
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3. A principal of Rs. 5000/- amounts to Rs.

some years with compound interest at the rate 

the number of years.

5618/- after

of 6%. Find

Ans: A = 5618

r = 6%

P = 5000

Find n

A = P |1 +---
100

5618 = 500011 + ---
100

5618 / 106 \ n

5000 \100

11236
i.e. (

10000

/l06\ n 

\ 100
= 1.1236

n = 2

4. If Hari takes a loan of Rs. 4000/- under compound

interest and repays Rs. 4840/- after two years to

n

n

completely clear the loan, find the rate of interest.

Ans :

Principal (Loan) 

Total amount (repay) 

Number of years 

Rate of interest (r)

A

4840

= Rs. 4000

= Rs. 4840

= 2

(to find out)
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22 r
-- = 1 + --- (Taking square root)
20 100

22 r

20 100

r 22-20 2

100 20 20

2
r = (--) x 100 = 10%

20

Rate of interest = 10%

5. Babu has taken some loan under

rate of 10%. He has to repay Rs. 

after two years. Find the amount

compound interest at 

2420/- to clear the 

of loan taken by Babu.

the

loan

Ans :

Loan amount (Principal) = P (to find out)

Total amount (A) = 2420

Rate of interest (r) = 10%

Number of years = 2

1002
P = 2420 x ----

1102

2
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2420 100
=----x---- x 100

110 110

= 2000

Loan taken = Rs. 2000/-

Teachers are expected to give sufficient drilling

exercises to the students to see that the concept becomes 

very clear to them. Ask the students to write the formula 
r \ n

+ --- I in every problem.
100 /

Among the four variables A, P, r and n, give any three of

them and ask the students to find the fourth one. use

different types of problem for this purpose. *

The teachers are requested to see Example 1 and

Example 2 in page 24, 25 of the text book. Make the students 

understand the problems and then work out all the problems 

in 2(5) in page 25 of the text book.

The problems related to the increase in population, 

increase in the inflation rate, depreciation in the rate of 

vehicles, etc. have social relevance also. Therefore such 

problems should not be left out.

Shares
1. Find the number of shares a company has to issue to raise 

a capital of Rs. 5 crores if the value of each share is

Rs. 50 ?

Ans: Total capital to be raised = Rs. 5 crores
= Rs. 5,00joo,000

Value of each share Rs. 50/-
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Total capital
Number of shares = ----------------------

Value of each share

5,00,00,000

50

= 10,00,000 (Ten lakh shares)

Find the total amount Priya has to invest to buy 400

shares of Rs. 20/- each quoted at Rs. 56. What would be

the gain (profit) to the share holder, if Priya had

purchased the shares at par ?

Solution: The face value of the share = Rs. 20/-

The market value of the share = Rs. 56/-

The amount to be invested by = Rs. (400 x 56)
Priya to purchase 400 shares = Rs. 22,400/-

The gain (profit) to the

share holder from 1 share = Market value - Face value

= Rs. 56 - 20

= Rs. 36

The gain from 400 shares = Rs. 36 x 400 

= Rs. 14,400/-

3. John invested Rs. 2,760/- and purchased 24 shares of a

company, whose face value was Rs. 100/-. Find the market

value of each share. The company paid 11.5% dividend at 

the end of the year. Find the dividend earned by John and 

the profit per cent earned by John.

Solution: The amount invested = Rs. 2760
I

Number of shares purchased = 24

2760
The market value of each share = ---- = Rs. 115/-

24
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The value of 24 shares = Rs. 100 x 24 - Rs. 2400

2400 23
The dividend received by John = (---- ) x (--- )

2 100

= Rs. 276/-

276
Profit per cent earned by John in one year = (----)100

2760

= 10%

Debentures
If a company wants to grow further, it requires more 

money. Hence the company will borrow money either from the 

share holders or from the public. In such case, the company 

issues debentures. If the company wants to borrow Rs. 40

lakhs, it may issue 40,000 debentures of Rs. 100 each for a

certain period. When the fixed period is over, the company 

repays the debenture money to its holders, with the interest. 

The interest on debentures is paid generally six monthly. 

Comparison

Share Debenture

1. The shares are distributed 
by the company to raise 
the capital usually in the 
beginning (when the 
company starts).

Debentures are distributed 
by the company to take 
additional loan from the 
public for further 
expansion.

2. Share holders receive 
dividend in proportion 
with the profit earned 
by the company.

2. The debenture holders 
receive interest once in 
six months, at a fixed 
rate. They do not receive 
the dividend (profit/loss)

--------------------------------->■
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Example 1: Find the income per cent on 4% debentures of face 

value Rs. 100 and available at Rs. 80 each.

Solution:

Market value of the debentures (sale price) = Rs. 80

Face value of the debenture (printed price) = Rs. 100

Rs. 80 cash buys a Rs. 100 debenture which gives Rs. 4 as

interest.

100
Therefore, Rs. 100 will give an interest of Rs. 4(---)

80

= Rs. 5

Hence income per cent = 5%

Example 2: Anil wants to get an annual income of Rs . 2400 by

investing on 12% debentures of face value Rs. 100

each and available for Rs. 105 each. If the

brokerage is 1%, how much money Anil has to

invest on debentures ?

Solution:

Actual cost of one debenture = Cost of debenture + Brokerage 
of Rs. 100 face value in the market

= Rs. 105 + 1% of Rs. 105

1
= 105 + 105(---)

100

= 105 + 1.05

= Rs. 106.05

If Anil invests Rs. 106.05 on one debenture of Rs. 100

face value then he earns a profit of Rs. 12.

Rs. 12 profit ---> Invest Rs. 106.05

Rs. 2400 profit ---> ?
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2400
Anil has to invest Rs. (---- ) x 106.05

12

= Rs. 200 x 106.05

= Rs. 21,210

Example 3: How much profit will Shankar get selling 15% 

debentures worth Rs. 6000 at the rate of Rs. 115 

per debenture, which he had purchased at its face

value of Rs. 100, if he has to pay the

of 1.5% ?

Solution:

Face value of each debenture = Rs. 100

Total worth of debentures = Rs. 6000

Total number of debentures Shankar has =
6000

100
60

Selling price of each debenture = Rs. 115

Selling price of all the debentures = 60 x 115 

= 6900/-

6900 3 207
Brokerage = (---- ) x (--- ) = Rs.--- = 103.5 0

2 100 2

The actual money which Shankar will = 6900 - 103.50
receive by selling the debentures

= 6796.50

The profit Shankar will get = 6796.50 - 6000 = Rs. 796.50

Preference shares
Preference shares are those which get a fixed interest 

irrespective of the profit or loss of the company If the

company gets profit, then the share holders will get the

dividend in proportion to the profit. But the preference
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share holders may not get it. They may get only the

interest. The same thing is true of the loss of the company

also. The share holders will get some proportional amounts

by the left over assets after clearing the other debts

including the preference shares.

Some more worked out problems are available in pages

28 and 29 of your textbook. The teachers are requested to

see that the students familiarize all of them and work out

problems in 2(8) page 29 of the textbook.

The rules and regulations of the shares, dividends,

debentures and the stock market go on changing from time to 

time. The teachers can familiarize these rules and 

informations by reading the business pages of the

newspapers.
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PROPORTIONS

You have already seen that Ratio is used to compare 

the numbers (or two quantities of the same units). For 

example: Father's height is double the height of his son; 

the cost of one pencil is Rs. 3/- while the cost of a pen is 

Rs. 18/- etc. There is no meaning in comparing 5 metres 

(length) and 6 kgs (weight). We can compare the distances. 

The distance of Kasaragod from Thiruvananthapuram is roughly 

twice the distance from Thiruvananthapuram to Trichur. We 

can compare weights.

The weight of this table is three times the weight of 

this chair. We can compare costs: The cost of this pen is 

Rs. 3/- while the cost of another pen is Rs. 18/-. There is 

a relation between the costs. We can write this relation as

3 1

18 6

The ratio of the cost of the first pen to the cost of 

the second pen is

3 1

18 6

The proportion is 3:18 or 1:6

We read it as "one is to six".

'1' and ’6 * are terms of the proportion.

1 is the first term (antecedent) of the proportion, while 6 

is the second term (consequent) of the proportion.

Simplify the following proportions (ratio):

1. 10:25

10 5x2 2
Solution: (10:25) 2:5

25 5x5 5
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2. Rs. 2:Rs. 2 and 60 paise.

Rs. 2 = 200 paise

Rs. 2 and 60 paise = 260 paise 

Rs. 2: Rs. 2 and 60 paise

= 200:260

= 100:130

10 :13

Simplify

(a) (i) 15:20

(iv) 24:18

(ii) 60:80

(v) 35:56

(iii) 45:15

(vi) 5:80

(b) (i) - : 1
4

(multiply by 4 to both)

= 1:4

1 2 1 1 1 5
(ii) 1- : - (iii) 2(-) : 4(-) (iv ) - : -

4 3 2 2 2 6

4. (i) 200 kgs:60 kgs (ii) 4 kms:12 0 meters

(iii) 15 cms:1. 2 meters (iv) 73 days:1 year

(v) 175 paise :Rs. 2 (vi) 3.2 kms:3 miles

5. Find the proportions which are equal to each other

(i) 3:4, 3:5, 9:15, 9: 12, 9:5, 9:4

1 15 15 5 16
(ii) -,

3 45 3 15 9

6. In the following, fill in the boxes inl such a that

each proportion is equal to 3:5 

(i) 12: [Z 1 (ii) 1 | :20 (iii) 15

(iv) 15: | | (v) 21: | "|
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7. Write the following proportions in the form of ratios.

5 1
(i) 5:10 (Ans -- = -)

10 2

2
(ii) 0.5:1 (iii) - :

3
1 (iv) 2: 16

1 2 7 2 1
(v) 0.5 : 1- (vi) - : - (vii) - : 1-

2 3 3 3 4

8. Indian team has played 21 matches out of which it has won

14 mathces (All the other matches it has lost) Find the

proportions between

(i) Matches played and matches won

(ii) Matches played and matches lost

(iii) Matches won and matches lost

(iv) matches lost and matches played

Solution: (i) 21:14 (ii) 21:7 (iii) 14:7 (iv) 7:21 

(Simplify wherever possible)

9. 12 gms of sugar is dissolved in 80 gms of water. Find the 

proportion of

(i) water and sugar

(ii) sugar and water

10. Anil and Babu invest Rs. 5000 and Rs. 7000 respectively

in a joint company and do the business together. In what 

ratio the profit should be distributed between them ?

11. The population of a village is 4500 out of which 1500 

people are uneducated. Find the proportion between 

uneducated and educated persons in that village.
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Equal Proportions
See the following table which gives the distances

travelled by a car moving

hour.

in a uniform speed of 50 kms per

Time (in hours) 1 2 3 4 5 9

Distance (in kms) 50 100 150 200 250 450

We can see that as the time increases , the distance

also increases. The ratio of any two hours is equal to the

ratio of the

For example:

distances.

2:4 and 100:200

5:9 and 250:450

3:1 and 150:50

above as follows:We write the

a and d above are called extremes, b and c are called means

(middle terms).

2:4=100:200

5 : 9 = 250:450

2 and 200 are the extremes, 4 and 100 are the means.

5 and 450 are the extremes, 9 and 250 are the means.

In the above, we can see clearly that

2x200=4x100

5x450=9x250

If a:b::c:d then

Product of

ad=bc

extremes is equal to the product of the

means.
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1. Find the value of x in the following:

15 5
(i) X:3=5:6 (solution 6x=15 . . x = -

6 2

(ii) 210:140=x:3

1 1
(iii) 2(-) :3(-)=X:8

2 3

1 1
(iv) (-) : (-)=4 :X

3 4

2. Find a if a cm:2 meters=7:40

(Hint: Convert meters into centimeters)

3. Find b if 250 gm:b kg = 75 paise:12 Rs.

(Hint: 250 gm:b x 1000 gm = 75 paise:1200 paise)

4. Find x if 10 people:x people = 15 days:21 days

1
5. Find x if x hours:- hour = 40 kms:60 kms

2

Direct Proportion
If two quantities x and y are in direct proportion,

x
then - is always a constant, 

y

Example 1: Look at the chart giving the distances travelled

by the car in different times:

Time (in hours) 1 2 3 4 5 9

Distance travelled 50 100 150 200 250 450
(in kms)

From the table it is clear that

(1) Distance travelled increases as the time also increases.

Distance
(2) ---------is always a constant.

Time
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50 100 150 200 450

1 2 3 4 9

In the above, the distance travelled is in direct proportion

to the time taken.

Example 2: If the price of 30 note books is Rs. 120, find

the value of 90 note books in the same proportion.

Number of books Price in Rs.

30 120

90 ? (take it x)

30 120
Here -- = ---

90 x

By cross multiplying,

x x 30 = 90 x 120

90 x 120 
x =--------

30

= Rs. 360

Example 3: If the price of 100 coconuts is Rs. 450, find the
V

price of 30 coconuts.

Solution: Number of coconuts Price in Rs.

100 450

30 ? (take it x)

100 450

30 x

100 x = 30 x 450

30 x 45
x =--------

100

Rs. 135



-25-

Solution: 6 litres

? (x)

Example 4: A car requires 6 litres of petrol to run a 

distance of 48 kms. Find the number of litres of

petrol needed to run a distance of 736 kms.

4 8 kms

736 kms

X

48

736

48 x = 736x6

736x6 
x =-----

48

= 92 lizres

Example 5: A bus moving with a uniform speed takes 3 hours

and 20 minutes to travel a distance of 100 kms.

Find the distance travelled by the bus in 2 - 
2

hours.

Solution: Time

3 hours+20 min 
(= 200 min)

1
2 (-) hours 

2
(= 150 min)

Distance

100 kms

? (x)

200 100

150 x

200 x = 150 x 100

150x100 
x =-------

200

75 kms
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6. The length and breadth of a rectangular playground are in

the proportion 19:11. If the breadth is 44 meters, find

the length.

7 . See the following chart showing the time and distance

travelled.

Time (in hours) 1

Distance travelled 50
(in kms)

2 3

90 150

4 5

195 250

theIs the distance travelled in direct proportion to

time taken, in the above chart ? Why ?

Inverse Proportion -

If two quantities x and y are in inverse proportion,

then x x y is always a constant.

Let us consider the following situation in which you

will have travel between two cities which are 1200 kms

apart. Let us calculate the time required to reach the other 

city at different speeds.

Total distance to be travelled = 1200 kms

Speed in 
km/hour (x)

10 12 15 20 25 50 100 120

Time required 
to cover the 
distance of
1200 kms (y)

120 100 80 60 48 24 12 10

(1) We can see clearly that as the speed of the vehicle is 

increasing, the time taken to cover the (fixed) distance 

is decreasing.
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10 12 15 20
(2) --- , --- , ... is not a constant (as in the case

120 100 80 60

of direct proportion).

(3) 10x120 = 12x100 = 15x80 = ...

x.y is always a constant (all are equal).

The quantities x and y, given in above table are in

the inverse proportion.

Example 1: If 15 people take 6 days to construct a compound 

wall, then 10 people complete the same work in 

how many days ?

Solution: People Days

15 6

10 X (?)

We can see that this proportion is the Inverse proportion 

because, if the number of persons are more, the number of 

days required for the work, is less.

15 x 6 = 10 x X = Constant

90 = 10X

90
X = -- = 9 days 

10

Example 2: There is some food in the store, which is exactly 

sufficient for 64 cows for 21 days. For how many 

days, will that food be sufficient for 96 cows ?

Solution: Cows Days

64 21

96 ? (X)

64 x 21 96 x X
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64 x 21
X =

96

X = 14 days

Example 3: The food materials in the store of a hostel will 

be sufficient exactly for 14 dyas for 200 

students. For how many days the same food will be

sufficient for 350 students ?

Solution: Students

200

350

200 x 14 = 350 x X

200 x 14 
X =---------

350

X = 8 days

Number of days

14

? (X)

Example 4: A wheel having 15 teeth, moves 50 rounds per

second. If a second wheel with 25 teeth is

attached to the first wheel in such a ways the

teeth of the first wheel will move the teeth of

the second wheel, how many rounds does the second

wheel make per second ?

Solution: Number of teeth in the wheel No. of rounds

15 50

25 ? (X)

15 x 50 = 25 x X

15 x 50
X = = 30 rounds per second

25
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Now the teachers are requested to see that all the 

problems in 3(2) page 35 of your textbook are worked out by

the students.

One typical problem of a little different type is 

given below for understanding the procedure.

Problem: A contractor employed 60 labourers to complete the

digging of a canal in 40 days. But after working

for 10 days, some labourers fell ill and the

remaining workers could complete the work in

another 36 days. How many fell ill ?

Solution:: Labourers Number of days

60 40

1 ? (X)

X = 60 x 40

X = 2400

A single labourers can complete the work in 2400 days.

All the sixty worked for 10 days.

They did 60 x 10 = 600 days single man's work

The work left out = 2400 - 600

= 1800 (single man's work)

The remaining persons finished this part in 36 dyas

1800
The number of people who finished it =---- = 50

36

The number of people who fell sick = 60 - 50 = 10
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ALGEBRAIC PHRASES AND POLYNOMIALS

We know that 4327 can be written in the expanded

notation as follows:

4327 = 4x1000 + 3x100 + 2x10 + 7

= 4xl03 + 3xl02 + 2X101 + 7x10°

We can write 4xl03 + 3xl02 + 2xl03 + 7x10° replacing the

base 10 by x as follows:

4xx3+3xx2+2xx3+7xx°

This is a polynomial in x (where x is a variable and can 

take any value instead of 10) .

2x2 + 7x + 2 is also a polynomial in x and it cannot 

be simplified unless we know the vlaue of x. If we know that 

x = 2 then

2x2 + 7x + 2 = 2(2)2 + 7(2) + 2

= 2x4 + 7x2 + 2

=8+14+2

= 24

The polynomial 2x2 + 7x + 2 has three terms, 2x2, 7x and 2. 

Therefore it is called a trinomial.

2x2, 7x are called monomials (single terms).

2x2 + 7x is called a binomial.

In the polynomial expression

2x4 + 5x3 - 2x2 + 7, the coefficient of x4 is 2; the

coefficient of x3 is 5, and the coefficient of x2 is -2.
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1. Classify the following expressions as monomial, binomial, 

trimonial and polynomial expressions.

(a) 2x2 - 1 (b) 7x - 5x

(c) 27x2 (d) 27x2 -

[Ans : binomials - (a) and (d)

trinomial - (b)

monimials - (c) and (e)]

2. Write the coefficients of x, x2, x2 in the following 

polynomials.

(a) 7 - 2x + 3x2 - 4x4 (coefficient of x2 is zero)

(b) 7x2 + 3x2 - 5x + 11

(c) -5x2

(d) 11

3. Multiply 2x+7 by 3x and with the polynomial, write the 

coefficients of x, x2 and x2 in it.

Degree of a polynomial expression
Consider a polynomial 4x2 - 5x2 + 7x + 11.

The degree of x in 4x2 is 3, the degree of x2 in -5x2 is 2 .

The degree of x is 7x is 1, and the degree of x in 11 is

zero. Among the degrees of the terms, the highest is 3 .

Therefore we say that the degree of the polynomial

expression 4x2 - 5x2 + 7x + 11 is 3.

The degree of a polynomial expression is the highest

of the degrees of its terms.

Find the degrees of each of the following expressions:

1. 3x4 - 7x2 + 9 (Ans 4)

2. 33x5 - 6x7 + 6 (Ans 7)

3. 18x - 6x2 + 6x^ (Ans 6)
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Like terms
Consider the following monomials:

1
1. 3x, -7x, -x, / 3 x 

4

2. 2x1 2, -8x2, -x2, 1.7x2
q

i
3. x3 , -13x3, -x3, 0.5 x3

6

In (1) all the terms have x as variable (same variable) 

and the degree of x is 1 in each term. Therefore all of them

are like terms.

(2) has x as variable and each term has degree 2.

Similarly in (3) also x is the variable in all term, 

degree of each term is 3.

Note that x and x2 are not like terms because they are 

of different degrees (1 and 2) in x. But all the terms in

(3) above are like terms (each of degree 3 in x).

Example: Pick out the like terms from the following:

1 1 
(i) 7x (ii) - -- (iii) -3x (iv) -x2 (v) -

11 X

(vi) 10x2 (vii) 12x3
5

(viii) - - x3 (ix) 7x4
6 -

Solution

1 1
(1) - - are like terms (power of x is zero)

11 2

(2) 7x, - 3x are like terms

1
- x2 are like terms
2

(3) -x2, 10x2,
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5
(4) 12x3, - - x3 are like terms

6

Addition (polynomial expressions)

We can add a term with another term only if they are

like terms:

Example 1: Simplify

1
7x + 10x2 - x2 - 3x + 12x3 + - 

2

Solution: Collect the like terms and put them together to 

simplify (add)

1
(7x - 3x) + (10x2 - x2) + (12x3) + - 

2

1
= 4x + 9x2 + 12x3 + - 

2

1
= 12x3 + 9x2 + 4x + - 

2

Example 2: Simplify (3x2 + 7x - 8) +

We can write down the terms as follows

3x2 + 7x - 8 (add)

-x2 - lOx + 11

2x2 3x + 3

Example 3 : Simplify 7x3 - 6x2 + 8x - 5 + 8 + llx - 2x2 + 5x3 

Solution: =(7x3 + 5x3) + (-6x2 - 2x2) + (8x + llx) + (8-5)

= 12x3 + (-8x2) + 19x + 3
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Self evaluation

Simplify

1. a2 + 2a + b2 + 2ab - b2

2. 3x - 10x2 - 6 + 9x - 5 - 2x2 + 11 - 4x2 - 13x

3. (4x+2) + (2x+l)

4. (-6a-13) + (6a+8)

5. (4x2 - 7x + 8) + (7x2 + 6x - 2)

6. (5x - 11 + 8x2) + (9 - 2x2 - 3x)

7. (13 - 9x - 5x2) + (7x2 - 2x - 14)

8. (6a + 71 + 8c) + (-10x - 2b + 3c)

9. (a2 - 2ab + b2) + (-a2 + 2ab - b2)

10. (a2 - ab) + (-ab + b2)

Subtraction of Polynomials

Example 1: Subtract x2 + x + 2 from 7x2 + 2x + 3

7x2 + 2x + 3

(-) x2 + x + 2

6x2 + x + 1

Example 2: Subtract 7x2 + 2x + 3 from x2 + x + 2

x2 + x + 2

(-) 7x2 + 2x + 3

-6x2 - x - 1

Example 3: Simplify (6x2 - llx - 6) - (5x - 3x2

Solution: (6x2 - llx - 6) - (5x - 3x2 + 9)

= 6x2 - llx - 6 - 5x + 3x2 - 9 

= (6x2 + 3x2) + (-llx - 5x) + (-6-9)

9)

= 9x2 - 16x - 15
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Self Evaluation
1. Subtract the second polynomial from the first

(i) 6x - 5 2x + 3

(ii) 8 a + 12 12a - 3

(iii) - 12m + 3 10 + 3m

(iv) -3p - 12 - 8p + 5

(v) 3x2 + 5x + 2 x2 + 3x + 7

(i) 8m2 + 5m + 13 n 3m2 + 5m

(ii) -5x2 + 3y2 + lOxy 5xy + 3x2 + y:

(iii) 10 + 2x + 5y 13 - 7x + 7y

(iv) 7x2 + 8x + 5 -13 + 17x

Multiplication of a polynomial by a number
1. (i) Multiply 5x2 + 3x - 5 by 7

(5x2 + 3x - 5) x 7 

= 3 5x2 + 2 lx - 3 5

(ii) (-12 + 6y + 8x) x 5 

= -60 + 30y + 40x

2. (2x-5) x 9 = ?

3 . (-7x-8) X (-3) = ?

4 . (5-10x) X (-8) = ?

5 . (6y-12) X (-5) = ?

Multiplication of a polynomial by a monomial 
Example 1: Find the product of

(2x + 3) x (x)

2x + 3) x (x) = (2x) . (x) + (3) . (x)

= 2x2 + 3x
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Example 2: Find the product of (2x - 3) x (x)

(2x-3) x (x) = (2x) x x + (-3) x (x)

= 2x1 2 - 3x

Example 3: Simplify (lOx + 9) x (-2x2)

(10x+9) x (-2x2) = (lOx) x (-2x2) + 9 x (-2x2) 

= -20x3 + (-18x2)

Example 4: Multiply (5x2 - 6x - 10) x (-10x2)

(5x2 - 6x - 10) x (-10x2)

= (5x2)x(-10x2) + (-6x)x(-10x2) + (-10)x(-10x2)

= -50x4 + 60x3 + 100x2

Example 5: (12a2 - 10a + 14) x (- a2)
2

1
= (12a2)x(- a2)

2
+

1
(-10a)x(- a2) +

2
(14)x(- a2) 

2

= 6a4 + (-5a3)

= 6a4 - 5a3 + 7a2

+ 7a2

Self evaluation
1. Find the product of

(i) (3x+2) x (x)

(ii) (5x-3) x (2x2)

(iii) (-5x+3) x (-3x)

(iv) (-5y2 + y + x) x (3x)

(v) (~8y2 + y) x (2x2)

2. Multiply

(i) (10 + 15m - 5m2) x (-3m2)

(- m3) 
5

(ii) (10 - 15m + 5m2) x
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1
(iii) (10 + 15m - 5m2) x (- - m^) 

5

1
(iv) (15m + 10 - 5m2) x (- m5)

5

Multiplication of a polynomial by a polynomial 

Example 1: Multiply (x + 3) x (x + 4)

Vertical method

x+3

(x) x + 4

x2 + 3x

4x + 12

(x+3 is multiplied by x)

(x+3 is multiplied by 4)

Add x2 + 7x + 12

Horizontal method

(x + 3) X (x + 4)

(x + 3) X (x) + (x +

X2 + 3x + 4x + 12

X2 + (3x + 4x) + 12

X2 + 7x + 12

Example 2: Multiply (2x + b) x (2x - b)

(2x + b) x (2x - b)

= (2x) x (2x - b) + (b) x (2x - b)

= (2x) x (2x) + (2x) x (-b) + (b) x (2x) + (b) x (-b) 

= 4x2 + (-2bx) + (2bx) + (-b2)

= 4x2 + (-b2)

= 4x2 - b2
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Example 3: (x - 8) x (x + 10)

= (x - 8) x (x) + (x - 8) x (10)

= x2 - 8x + lOx - 80

= X2 + 2x - 80

Self evaluation

1. Multiply (i) (3x + 8) x (6x - 11)

(ii) (a + 7) x (m + 12)

(iii) (m+8) (m-2)

(iv) (llx + 10) (6x - 7)

2. Simplify:

(i) (m-8) (m+6) (ii) (x+10) (x-10)

(iii) (x+y) (x-y) (iv) (x-y). (x-y)

(v) (a+2b) (a-2b) (vi) (a+2b) (a+2b)

(vi) (a-2b) (a-2b)

3. Find the product of:

(i) (3p - 4) and (4p + 7)

(ii) (a2 + 4) and (a2 + 8)

(iii) (a2 + 4) and (a2 - 4)

(iv) (a2 + 1) and (a2 + 3)

4. Find the product of:

(i) (x2 + a) and x2 + b

(ii) (a + b) and (2x + 7)

(iii)
3

(- a + 3b) and (2x + 3y)
2

(iv)
7 7 5

(2x + - y) and (- x + - y)
5 5 7

(v) (2ab + a) and (7b + 5ab)
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RATIONAL EXPRESSIONS (X STANDARD)

LCM
The lowest common multiple or briefly LCM, 

more polynomials is defined as the polynomial 

degree and smallest numerical coefficients which 

diivisible by each of the polynomials.

Example 1: Find the LCM of 12 x2y3z, 18 x3y3z3, 24 

Solution: The LCM of 12, 18, 24 is 72. The common 

all the terms are x, y, z and their highest powers 

4 respectively.

The required LCM is 72 x3y3z4.

Example 2: Find the LCM of 4x2-36, 8x3-216. 

Solution: 4x2-36 = 4(x2-9) = 4(x-3) (x+3)

8x3-216 = 8(x3-27) = 8(x-3)(x2+3x+9)

LCM of 4 and 8 is 8

The different factors are (x-3) , (x+3), (x2+3x+9)

The required LCM = 8(x-3)(x+3)(x2+3x+9) 

Simplification of rational expressions 

Example l: 15 ab

3 ab

3 x 5 x a x b

3 x a x b

= 5

Example 2: x(x+6)
______
x(x+9)

x+6

of two or

of lowest

is exactly

xy2 z4

factors of

are 3, 3,

x+9
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Example 3 : 4ab - 4ac

3ab - 3ac

4a (b - c)

3a(b - c)

4a
= -- (cancelling b-c from denominator and 

3a numerator)

4
= - (cancelling a)

3

Evaluation
Evaluate 1:1 1

- + - 
a b

b + a
= -----  (taking ab as the LCM)

ab

a + b

ab

a b
2.  +-------

p + 5 p + 5

p + 5

1 1
3. -- - -

a^

x+y x-y

x+6 x+6

(x+y) - (x-y)

x+6
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x + y - x + y

x + 6

2y

X + 6

Addition of rational expressions

A rational expression is an expression that can be 

written as the ratio of two polynomials. If P and Q are

P
polynomials, - is a rational expression (unless Q is zero) .

Q

Addition of rational expression is done by making the 

denominators common (i.e. by taking the LCM of the 

denomenators).

Example: Find the value of

2 3
-----+--------
a + 2 2a + 7

LCM of the denomnators is (a+2)(2a+7).

2 2 2a + 7
-----=---------x----------
a+2 (a+2) (2a + 7)

2 x (2a + 7)

(a + 2)(2a + 7)

4a + 14

(a + 2)(2a + 7)

3 3 a + 2
------=----------x---------
2a + 7 (2a + 7) (a + 2)

3 x (a + 2)

(a + 2)(2a + 7)

3a + 6

(a + 2) (2a + 7)
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2 3 (4a + 14) + (3a + 6)
-----+--------=-------------------------
a + 2 2a + 7 (a + 2) (2a + 7)

7a + 20

(a + 2)(2a + 7)

Example 2: Find the sum x+2 x-1

x+1 x+3

LCM of the denominators is (x+1)(x+3)

x+2 (x+2) (x+3) x2 + 5x + 6

x+1 (x+1) (x+3) (x+1) (x+3)

x-1 (x+1)(x-1) X2 - 1

x+3 (x+1) (x+3) (x+1)(x+3)

x+2 x-1 x2+5x+6+x2-1 2x2 + 5x + 5
+ — —

x+1 x+3 (x+1) (x+3) (x+1)(x+3)

Example 3: Find the sum

x x+1

x + 2 (x+2) (x+3)

LCM of the denominators is (x+2)(x+3).

x x (x+3)

x+2 (x+2) (x+3)

x2 + 3x

(x+2)(x+3)

x x + 1 x2 + 3x x+1
----- _l_---------- —------= -------- — — 4.------ -----
x + 2 (x + 2) (x + 3) (x+2) (x+3) (x+2) (x+3)

x2 + 4x + 1

(x+2) (x+3)
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Subtraction
Subtraction of polynomials is done in the same way as 

done for addition, by taking LCM of denominators.

is

1 1
Example 1: Subtract ----- from------

x + 1 x - 1

LCM of denominators is (x+1)(x-1)

1 1

x-1 x + 1

(x+1) - (x-1)

(x-1)(x+1)

x+1 - x+1

(x-1)(x+1)

2

(x-1)(x+1)

1 1
Example 2 : Simplify 1 +----- -- -------

x-1 x+1

The LCM of denominators is (x-1)(x+1).

(x-1) (x+1)
1 =-----------

(x-1) (x+1)

1 1 (X+1)

x-1 (x-1) (x+1)

1 1 (x-1)

x+1 (x+1) (x-1)

1 1
1 + ----- -- —

x-1 x+1

(x-1)(x+1) + (x+1) - (x-1)

(x+1)(x-1)
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x2-x + x- l+ x+ l 

(x - 1 ) (x + 1)

X2 + 1

(x-1)(x+1)

1 1
Example 3: Simplify (a - - ) - (1 - - )

a a

Taking a as the LCM of the denominators

1 1 a2 - 1 - (a - 1)

(a - - ) - (1 - - ) =............ ......
a a a

a2 - 1 - a + 1

a

-x+1

a

a(a-1)

a

= a - 1

Simplifications using factorisation
x+1

Example 1: Simplify ------------
x2 + 2x + 1

x2 + 2x + 1 = (x+1)2

x + 1 x+1

x2 + 2x + 1 (x+1)(x+1)

1

x+1

(a-1) a2 + 4a 3 
Example 2: Simplify ------- x-------------

(a + 1) a2 + a - 2 

a2 + 4a + 3 = (a+3)(a+1)

Also a2 + a (a+2)(a-1)2
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(a - 1) a2 + 4a + 3
-------x--------------
(a + 1) a2 + a - 2

(a - 1) (a + 3) (a + 1)
=-------x------------------

(a + 1) (a + 2) (a - 1).

a + 3

a + 2

Multiplication

Example 1: Simplify

Example 2: Simplify

a2 - 1 x2 - 1
----------- X

x+1 a + 1

a2 - 1 x2 - 1
X -

x+1 a + 1

(a+1)(a-1) (x+1)(x-1)

(x+1) (a+1)

= (a-1)(x-1) (cancelling a+1 and . 
from both numerator 
denominator)

x2 + 5x + 4 x2 - 1

X + X2
X
x2 + 3x - 4

x2 + 5x + 4 x2 - 1

X + X2
X
x2 + 3x - 4

(x+1)(x-1)(x+4)(x+1)

x(x+1)

x+1

-----------  (using
(x+4)(x-1) factorisation)

x
(cancelling the common terms from 
the numerator and denominator)

Example 3: (3 +
x + 1

3(x+1) + 1

x + 1

4x + 5
) x (---------1)

3x + 4

= (
4x + 5 - 3x - 4 

) x ( -----------------  )
3x + 4
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3x+3+l x+1
-----------x--------
x+1 3x + 4

(3x +4) x+1
-------- x----------
x+1 (3x + 4)

Division

We know that the division is the same as the 

plication by the reciprocal (inverse) of the divisor. 

Example 1: x2+2x+l^x+l

x2 + 2x + 1

multi

x+1

(x+1)(x+1)

x+1

= X + 1

Example 2: (a2 - 1) ; (a - 1)

a2 - 1

a - 1

(a - 1) (a2 + a + 1)

(a - 1)

= a2 + a + 1 

a2 - 1
Example 3: ------ ; a2 + a + 1

a + 1

a+1 a2+a+l 

(a-l)|(a2+a + l)

(a+1)(a2+a+l)

a - 1

a + 1
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Example 4
2p2 + 2pq 2p + 2q

)2 - q2 p2 - 2pq + q2

2p2 + 2pq p2 - 2pq + q2
= ( ---------- ) x ( ---------------

2p + 2q

(p - q) (p - q)
-- x----------------

2 (p + q)

p2 - q2

X4

2p(p + q)

(p + q) (p - q) 

p(p - q)

p + q

Example 5: ( -- - 1 )
r2y‘

( - + i ) 
y

X4
= ( -- - 1 ) X

y2 X
( - + 1 ) 
y

x2 - -2
= (

y- y
) X ---■

x + y

(x + y) (x - y) 

y2

x - y

y

y

x + y

x2 + 5x + 4 x2 + 3x - 4
Example 6: Divide by

■2 _X + X^ X4

(See Example 2 under multiplication)

x2 + 3x - 4 x2 + 5x + 4
Example 7: Divide

•2 - x + x4

= (

+ 3x - (4
) - (

x2 + 3x - 4

X2 _ 1

x2 + 5x + 4

x + x4

x + X4

x2 + 5x + 4

-2 -

) x (
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(x+4) (x-1)
----------- x
(x+1)(x-1)

x(x + 1)

(x+4) (x+1)

x

x+1

Exercises
x + y x - y

Add ---
X

- - and
X

(Ans • 2)

12 5 7 10
Simplify + - - _ _ _ (Ans ,• -- )

X2 X2 X2 X2

a - 3 a + 7 a + 2 11a - 23
Find the value of - ---)

4 5 2 20

3a - 4 2a - 3 a2 - a + 1
Simplify ------------------ )

a2 - 9 a2 - a - 6 (a-3) (a+2) (a+3)

X + 1 1 3 1
Simplify -- )

x2 - 2x - 3 X2 + X x2 - 3x x + 1

1.

2 .

3 .

4 .

5.

6. Simplify the following:

1 1
(i)  +-------

m2 - n2 m + n

2 3
(ii)   - -----

a2 + 2ab + b2 a + b

x y x
(iii)   +-----+-------

x2 - y2 x + y y-x

m 3 3m
(iv)  +--------- -------

m2 - 9 m+3 m-3

Simplify:

a2 - 1 x2 - 1 
(i) ------x--------

x+1 a + 1

7
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(ii)

(iii)

(iv)

(v)

(vi)

(vii)

4x2 _ 8x3 - 27

2x - 3
X

4x2 - 12x + 9

X2 y
( - 1 ) x ( ----- )
y2 x + y

a2 - 1 a + 1
—— - —
x + 1 • x2 - 1

4x2 - 9 ’ • 4x2 - 12x + 9
—— -——
2x - 3 • 8x3 - 27

5a a2 ~ 2 a -i- 1 a2 + a +
“ X

a3 - 1 4a a2 - a

5a a2 - 2a + 1 a2 -
- - X _ • — — .

.3 - 1 4a a2 + a + 1
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TEACHING OF TRIGONOMETRY

Trigonometry has not occupied a very prominent place 

in the Mathematics in the high schools. Many students as 

well as teachers feel that trigonometry is very difficult. 

This infact is not true. It is true, of course that certain 

parts of trigonometry are difficult and are suitable for 

more mature students. On the other hand many parts of 

trigonometry are quite simple and which can be understood 

easily by even 8th standard students. Indeed it has been 

found that some of the elementary concepts of trigonometry 

are more easily comprehended than much of the concepts in 

high school algebra. The applications of elementary concepts 

of trigonometry is very interesting to the children of this 

age. Moreover such applications offer an excellent means of 

correlating arithmetic with certain parts of Geometry and 

the solution of simple linear equations. Because of its 

general educational value and its motivating force, some 

preliminary work in trigonometry has been included in the 

high school mathematics curriculum.

For a systematic study of trigonometry, the general 

maturity and mathematical experiences of high school 

students is quite inadequate. Hence the subject matter of 

trigonometry included in the secondary school is quite 

simple and is more numerical in nature involving indirect 

measurement of lengths and distances. Much interest can be 

created by allowing students to undertake actual field

projects. However before undertaking these, it should be
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made sure that the students already have the necessary 

prerequisite skills. They should be thorough in the skill of 

drawing to scales and with the use of protractor and 

tape/scale for measuring angles and distances directly. It 

is also necessary that they have clear concepts of 

similarity of triangles, of a ratio as a comparison of two 

quantities in the sense that one is a certain fraction of

the other or that one is a certain number of times the other

and also of a ratio as a single number which can be used as 

a multiplier. Before undertaking the field projects they 

should already need to understand the particular meanings of 

the sine, cosine and tangent ratios and they should know how 

to read these ratios of a given angle from the trigonometric

tables.

Developing the Meaning of Trigonometric Ratios
The first step to develop the meaning of trigonometric

ratios is to mal<e clear to the students that in right 

angled triangles of different sizes having the same acute 

base angle, the ratios representing sine, cosine and tangent 

of this acute angle are the same. Probably the best way to 

accomplish this is make students draw various right angled 

triangles with the same base acute angle, measure the sides 

of the triangles and calculate the ratios of the sides 

representing sine, cosine and tangent ratios. It is better 

to have several students compute the values of these ratios 

for angles of a given size, so that they may compare their

results.
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Generally, their results will show a fairly close 

correspondence. The fact that they may not agree exactly 

offers a good opportunity to emphasize the approximate 

nature of measurement. Thus, any discrepancies may be 

attributed either mistakes in computation of ratios or 

errors in taking the measurements. This approach through 

measurement and computation, makes clear to the students 

that the ratio corresponding to sine or cosine or tangent is 

a single numerical quantity. This emphasizes that the value 

of the trigonometric ratio sine or cosine or tangent of any 

given angle is independent of the actual lengths of sides of 

the right angled triangle and is a constant for a given 

angle.

Once the above fact is made clear to the students, the 

three basic trigonometric ratios can be introduced for an 

acute angle in terms of the sides of a right angled triangle 

containing that angle. If [BAC is the given angle then

Opposite side
sine [_3AC = ---------------

Hypoteneuse

Adjacent side 
cosine |_BAC = ---------------

Hypoteneuse

Opposite side 
tangent 1BAC = ---------------

Adjacent side

An interesting and valuable activity can now be 

undertaken by involving the whole class for the computation 

of sines, cosines and tangents of all acute angles which are 

multiples of say 5°.
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This exercise will provide well motivated practice in 

accurate drawing and measurement of lines and angles and in 

careful computations. Diagrams for the measurements should 

be rather large and should be very carefully drawn. For each 

of the angles considered, atleast three students should 

determine the ratios for the purpose of comparison, checking 

and averaging of the results. Computation of the ratios may

. be limited to three significant figures.

Teaching of Trigonometric Ratios of Special Angles
The special angles 0° , 3CP , 45° , 60 ° and 90 ° occur so

frequently and hence are of

should be able to write the

angles without looking into

great importance. The students 

trigonometric ratios for these 

the trigonometric tables. Some

teachers prefer to have their students memorise these 

values. However this is not necessary as the trigonometric 

ratios for these angles can be derived very easily from 

elementary geometric considerations. Hence either students 

may memorise these values or learn to derive them 

immediately. As the trigonometric ratios of 0 ° and 90 ° are 

difficult to comprehend at this stage, it is better to make 

students memorise these values. However, for the above 

average students, using drawings and measurement, it can be 

shown that in a right angled triangle as angle becomes 

closer and closer to OP , whereas the opposite side becomes 

very small almost equal to zero, the adjacent side almost 

becomes equal in length to the hypoteneuse and hence the

values of trigonometric ratios for Cf . Similarly, when the 

base acute angle becomes larger and larger and comes close
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to 90then the opposite side becomes almost equal in 

length to the hypoteneuse and the adjacent side becomes very 

small, almost equal to zero as compared to the hypoteneuse. 

Hence the values of the trigonometric ratios for 90 °. The 

idea of trigonometric ratios for 0° and 90° becomes clearer 

at a later stage, when we define trigonometric ratios for 

general angles in terms the coordinates of a point on the 

latter arm of the given angle.

Teaching of Simple Applications of Trigonometry
The meanings of the trigonometric ratios and the way

in which they are to be used will be understood better if 

the meanings and uses are illustrated in problem situations. 

For applying trigonometric ratios in real life problem 

situations, it is enough if the student has understood the 

meaning of trigonometric ratios. The teacher may first 

demonstrate how to find distances, heights, angles, etc. 

without actually measuring them directly. Next students 

may be given this task. The hypothetical problems will serve 

the purpose better than real problem situations as in 

hypothetical problems we can manipulate distances and angles 

to be 'nice' enough. (Real distances and angles may be in 

minute fractions). After attaining substantial mastery in 

'hypothetical' problems, the students can be assigned the 

task of real situation where they have to find the data for 

themselves. Thus, hypothetical problem like the one given 

below serves well to understand the applications of

trigonometric ratios. While demonstrating the solution of
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the given problem, each step in the solution should be 

explained to the students.

Example: From a point 20 m away from the base of a tree, the

angle of elevation of the top of the tree is found to be 
□32 , find the height of the tree.

Step 1: What is given ?

First we will make a diagram of

the given problem situation. On the diagram we shall write 

all the data which are given, such as the point A from which 

the top of the tree is observed, the distance of the base of 

the tree from A and the angle of- elevation of the top of the 

tree at A. The diagram is drawn and data entered as shown.

Step 2: What have to find out ?

We have to find the height of the tree. That is the 

unknown. Let us write the height of the tree as h. We have

to find h.

Step 3: How are different elements of the problem related ? 

Translating the problem situation into an equation.

Since the tree is vertical to the ground [ABC =90°

Hence A ABC is right angled at B.
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BC
Also tan [BAC = -- 

AB

h
tan 32° = --

20

Step 4: Solving the equation

h = 20 x tan 32° meters

= 20 x 0.6249 m (read from the table)

= 12.498 meters

Thus we find that the height of the tree is about

12.5 meters.

While explaining the various steps involved, the 

students' attention should be drawn deliberately both on 

particular activities and the basic concepts presented in 

each step and the order in which the steps are taken. The 

order reveals to the students a pattern for their work. This 

pattern helps them to systematize their written work and 

their computations. It also helps them in analysing such 

problem situations, and in organising their thinking about 

them. Each step stresses one important element in the 

analysis and the solution of the problem. Drawing the 

diagram and labelling it and indicating the given data, give 

the problem a concrete setting and facilitates the job of 

translating it into an equation. The selection and 

indication of a literal symbol to represent the unknown 

direct attention to the fact that the object of the work is 

to determine the magnitude of the unknown. Writing the 

equation requires analysis of the problem to determine which 

of the trigonometric function is appropriate to use.
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In this connection the following points should be 

stressed.

1. If one side and an angle of a right angled triangle are 

given and it is required to find another side, that 

trigonometric ratio must be selected which involves both

the unknown side and the known side.

2. If two sides are given and an angle is required then that 

ratio of the unknown angle must be selected which 

involves the two given sides.

After writing the equation, the actual solution of the 

equation for the unknown part, and the re-interpretation of 

this in terms of the diagram or of the original problem 

situation brings a realisation of how the laws of algebra 

work to give the required information by giving explicit 

form to a relationship.

In the above problem the trigonometric ratio used was 

tangent. Similar illustrative examples involving sine and 

cosine should also be used. Such problems should be selected 

or devised with care. Following are two such examples which

can be used.

Example: A ladder 7 meters long is placed against a vertical 

wall so as to make an angle of 56 with the ground. At what 

height above the ground does the ladder touch the wall ? 

Example: In order to find the distance between two points P 

and Q on opposite sides ;of a small lake, two boy scouts

decided to set up a right triangle with PQ as the

hypoteneuse. They used an angle mirror to locate a point 0,

such that OP and OQ formed a right angle. The distance from
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O to Q could not be measured directly, but OP was measured 

and found to be 72 meters. By sighting from P to 0 and then 

from P to Q, the size of the angle P was established as 48 .

From these data find the distance.

Field Projects
Once these simple applications of the trigonometric 

ratios to the general problems of finding certain unknown 

parts of a right triangle is completed, appropriate field 

projects can be assigned. Those field projects can do much 

to enhance the interest in the applications of trigonometric 

ratios. Students can use instruments like measuring tapes, 

angle mirrors, plane table, field protractor, clinometer, 

alidade, etc. Field work involving the actual measurements 

of distances and angles often helps to stimulate interest in 

trigonometry. Students are generally interested in such 

projects, but their interest in the activities themselves 

should not be allowed to obscure the purpose which is to

collect the actual data with which to work. Inordinate

amount of time should not be spent on collecting such data.

Such field works used careful planning and supervision by 

the teacher so as to yield maximum benefit to the students.
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TRIGONOMETRIC RATIOS

Before introducing trigonometric ratios to the students 

teacher should list out all the prerequisites. Let us think 

what are the prerequisites and list a few of them.

1. Knowledge of right angle triangles

- identify right angle and the two acute angles of a right 

angled triangle.

- identify the hypoteneuse as the side opposite to the 

right angle.

- identify the adjacent side and opposite side of a given 

acute angle of a right angle triangle.

- understand that the hypoteneuse is the largest side of a 

right angle triangle.

- know that the sum of the three angles of a triangle is 

180 and use it to find an acute angle of a right angle 

triangle given the other acute angle.

- state Pythagorus theorem.

2. Knowledge of similar triangles

- know that A ABC is similar to A PQR if |A = | P, [B = ]_Q, 
1C = |R.

- know that in two right triangles if one pair of acute 

angles are equal then the two triangles are similar.

- identify the corresponding pairs of sides of two similar 

triangles.

- know that if two triangles are similar then the corres

ponding sides are proportional.
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The previous knowledge has to be checked and recalled 

through review problems. There are quite a few review problems 

given on page 24 of the 9th standard text book. But in addition 

to these problems some more review questions may be asked to 

your students.

In an average class before going to question 1, following 

questions may be asked.

1. What is the sum of three angles of a triangle ?

2. In a right angle what is the sum of other two angles ?

3. Which is the biggest angle in a right angled triangle ?

4. In right triangle ABC which is the biggest side ?

Before going to question 3,of the textbook some questions 

may be asked involving some concrete angles instead of x°.

5. In the right triangle ABC if |_A = 30°, what is |_C equal to ?

6. If one acute angle of a right triangle is 55° what is the 

other acute angle ?

Before going to question 4 } teacher should recall the 

definition of similar triangles. And also he may ask question

like
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7. In right angle triangles ABC and PQR, LC = 90° , LR = 90°

Lb = 35° [_Q = 35°

Then [A = [P =

In two right triangles one pair of acute angles are 

equal. What can you say about the other pair of acute angles.

9. ABC and PQR are two right angle triangles, [_B = 30°, J_2' = 30°.

What can you say about A ABC and A PQR ?

Next you can go to question 4 .

In addition to question 5, following question also can be

asked.

10 .

In right triangles ABC and PQR, [C = [_R

Then

PQ QR 
a. — = —

AB
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PR . . PQ

AC BC

Before going to question 6 of the text book, following 

more concrete questions may be asked.

11. In right angle triangle ABC,

if AB = 4 cm, BC = 3 cm, then AC = 

12. In right angle triangle PQR,

if PR = 13 cm, PQ = 5 cm, then PQ =

Introduction to trigonometry is good in the prescribed

text book to motivate the students for the study of

trigonometry.

After the introduction, the text book deals with the

prerequisites from right angle triangles and similar triangles.

Note that it is always better to denote an angle by three

letters instead of one letter to avoid confusion as to which

angle we are considering. For example, angle B considered in

figure 11(1) of the text book, should be referred as PBA

rather than angle B. Also the teacher better give numerical

value of one angle of a right angle triangle and ask the
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student to find the other acute angle rather than giving it as

x° and 90 - x°.

After the discussion of Figures 11(2) and 11(3), you may 

also consider two or more right triangles in which one set of 

acute angle are equal and show that the other set of angles in

these triangles are equal and that these triangles become

similar.
/ L

For naming the sides of a right
r

angled triangle in terms

of one acute angle of the triangle, in the text book two

examples are discussed. You may consider more such right angle 

triangles and discuss, before passing on to practice problems 

11(1) -

For introducing trigonometric ratios of an acute angle, 

only figure 11(10) is used in your text book. In this figure 

the two right triangles with the same base acute angle 

considered aye not separate.

In order to convince the students that even if we consider

to separate triangle of different sizes having one pair of 

acute angles same, then the ratios 

Opposite side Opposite side Adjacent side
--------------- z --------------- z --------------- z etc. are the same,
Adjacent side Hypoteneuse Hypoteneuse

you may repeat the discussion on page 127, by considering two 

or three right angled triangles of different sizes with base 

acute angle same. This makes the definition of trigonometric 

ratios more meaningful.

Sufficient number of worked examples have been discussed 

in your text book. However in example 3 on page 12 9, look at.,
✓Si

the argument:
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5
Given sin R = --

6

PQ 5
i.e. --= ---

PR 6

PQ = 5, PR = 6

The last conclusion is faulty. We only get that PQ = 5a,

PR = 6a for some constant a and not PQ = 5 and PR = 6. The

discussion should be modified accordingly.

While discussing trigonometric ratios of angles 30°, 60°,

45°, it is simply written sin 30, cos 60, sin 45, etc. This has
. .0 © , o .to be written as sin 30, cos 30, sin 45. Infact m mathematics 

sin 30, cos 60, sin 45, etc. have different values than given 

in the text book. Simply writing sin © means that © is in 

radians and not in degrees. Hence insist the students on 
writing sin 30*, cos 60* sin 45° etc.

Trigonometric ratios of 0° and 90° have been discussed in 

your text book. This can also be alternately discussed as

follows.

Recall that we have defined trigonometric ratios of acute 

angles using right angle triangles. First observe that there is 

no right angle triangle where the other angles are either 0° or 

90 °. Then how to define trigonometric ratios for 0° and 90° .

Observe the following right angled triangles.
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Observe that

AC
sin |ABC = -- 

AB

DC
sin | DBC = -- 

BD

EC
sin |_EBC = -- 

BE

FC
sin IFBC = -- 

BF

As the angles on the right hand side - become smaller and 

smaller let us observe what happens to the right hand side 

ratio. The numerator of the right hand side is decreasing fast

from AC to FC whereas the denominator also decreases (but not 

as fast) from BA to BF. If F is taken very close to C, |FBC is 

almost zero and FC is almost zero, but BF is very close to BC.

Hence

FC
this ratio -- is almost zero. Henoesin x is very close to zero 

BC

if x is very small. Hence we define sin 0° = 0° .

BC
Similarly, cos [ABC = -- 

AB

BC
cos 1DBC = -- 

DB

BC
cos 1EBC = -- 

EB

BC
cos IFBC = -- 

FB
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Notice that as 1 ABC decreases from [ABC to [FBC, the 

right hand side numerator remains the same but denominator 

decreases from AB to FB. If F is very close to B, then IFBC is 

very small almost equal to zero and FB is almost equal to BC.

BC
Hence cos |FBC will be almost equal to -- = 1. Here we define 

BC

cos 0 ° = 1.

On very similar arguments we can convince the students

that sin 90° = 1 and that cos 90° = 0.

Hints for more practice problems on page 135 and 136
12 .

Given AB = 4m, [BAC = 45° 

To find AC,

AC

AB

AC

Adjacent side of L£ab
cos 4 5°

AB

Hypoteneuse

4
---=2 y 2 m
yr

13 .
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Given AB = 10 cm, IBAC =30°

To find AC and BC

AB
= sin [BAC = cos 30° =----

AC 2

/ 3 AC y 3
AB =--------= 10 cm = 5 / 3 cm

2 2

BC 1
— = tan |BAC = tan 30 ° =---
AB yr

1 1 10
BC = AB x--- = 10 x--- = - - 5/ 3 cm

Z” ^3 3

BC
14 . tan |BAC = - - t

AB

BC 1
= tan 30° = —

AB yr

AB = y 3 BC = y 3 x 15 = 15

BC
Also tan | BDA = - -

BD

BC
= tan 45° = 1

BD

BD = BC = 15 cm

AD = 15 y 3 - 15 = 15 (/ 3 -

15. Original height of the tree = BC + AE

Given AC = 10 cm, 1 CAB = 30°

BC 1

cms

cms

tan I CAB = tan 3 0°
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BC

AC

AB

AB

BC + AB

1 1 10 / 3
AC x-- = 10 x---- = --------- cmyr yr 3

rr
cos 1 CAB = cos 30° =----

2

2 2 20 ym-
AC x---= 10 x----=--------- cmyr yr 3
10 20 3 30 /~3~
------- +---------=--------- = io /"“3

3 3 3
mts

16. Given in A ABC, [_C = 90 °, [_A = 30°, BC = 4 cms.

|_B = 60 °

BC 1
-- = tan 3 0 °=---
AC >/T~

AC = BC J 3 = 4 / 3 cms

AB = 2BC 8 cms
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TRIGONOMETRY IN ANCIENT INDIAN MATHEMATICS

The contribution of Indian Mathematicians to trigonometry 

is quite significant. Infact discoveries in trigonometric 

concepts were the byproducts of the great interest in Indian 

Mathematicians in Astronomy. The contributions to trigonometry 

is mainly from one of our greatest mathematicians Aryabhata I 

(476 A.D.) and Bhaskara I (seventh century A.D.).

The trigonometric ratios like sine (jya) and cosine 

(kotjya) play a very important role in Indian astronomy. Before 

we proceed with the formation of the sine tables according to 

Aryabhata I, let us know how these trigonometric ratios are 

defined in Indian mathematics.

Fig. 1: Trigonometric ratios 

The usual name of trigonometry in Indian astronomy is

Jyotpatti ganita which literally means "mathematics of 

construction (or generating) sines" (~jya + utpatti = 

jyotpatti) . Sometimes the name is simplified as jyaganita. 

However, in modern times the Indian word for trigonometry is
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trikonamiti which literally means "measurement of triangle". 

The ancient Indian astronomers generally used three 

trigonometric functions, viz. j va (sine), koti-jya and 

utkramajya (versine). It is important to noce that the 

trigonometric ratios in Indian astronomy are with reference to 

an arc of a circle rather than an angle.

In Fig. 1, consider an arc ANB of a circle of radius R 

centred at 0. Since the arc ANB looks like a bow,, it is called

capa or dhanus (bow) and the chord AMB is called jya

(bowstring) . The half-chord AM is referred to as jyardha or 

ardha-~jya. However, in due course, in the phrase ardha-jya the 

adjective ardha was left out and the half-chord came to be 

referred to as jya itself. In fact, to avoid confusion, 

Bhaskara II explicitly mentions, "It should be known that ardha- 

jva is here called 'jya111. The later Kerala astronomer 

Paramesvara (1430 A.D.) also makes this point very clear.

Coming back to Fig. 1, we define jya of arc AN = AM,

kotijya of arc AN = OM and utkrama-jya of arc AN = MN.

Now, if 0 is the angle subtended by arc AN at the centre

of the circle, then from modern trigonometry, we have

AM
sin Q = -- or AM = R sin S 

R

OM
cos 0 = -- or OM = R cos 0 

R

so that comparing the two sets of definitions, we get

jya( 0) = R sin 0, kotijya( 9) = R cos 0 and utkrama-jya

(0) = ON - OM = R - R cos 0= R(1 - cos 0) = versin( 0 ). In the
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above results, for convenience, the arc AN is replaced by the 

angle 9 subtended by it at the centre.

The radius R is taken as a constant and given the value

3438'. Sut then how did Aryabhata get this strange number

3438' ? Well, his method of arriving at this value for a radius

was simple. The circumference of this circle was taken in

angular measure as 360° or 21,600' (=360x60). Since the

circumference is equal 2TT R.

Circumference 21,600'
R =--------------- = -------

2TC 2H

21,600'
= ---------- = 3438' aoorox.

2(3.1416)

For the formation of the sine-table, Aryabhata I gives 

the rule just in one stanza as follows:

te tea qfe offe 
tea aaai ptea ten ?ute tea i

Hcite ter aau ute ter
PT SP avi af P S cm I te’U I: 11

"The R sine-differences (at intervals of 225 minutes of

arc) in minutes of arc are 225, 224, 222, 219, 215, 210, 205,

199, 191, 183, 174, 164, 154, 143, 131, 119, 106, 93, 79, 65,

51, 37, 22 and 7".
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The said stanza provides the values of R sines of 24 

angles at equal intervals of 225', i.e. 3°45'. The first value 

is of R sin (225') and equal to 225'. The successive values for 

the subsequent angles, at intervals of 3°45', are obtained by 

successively adding the R sine-differences given in the stanza, 

viz. 224, 222, etc. The values are listed in the following 

table and compared with the modern values of R sin 0 where R is 

taken as 3438' following Aryabhata I. The correctness of the

values is remarkable.

Table 1: R sines of angles

9
Indian 
Jya(9 )

Modern
R sin 9

e jya ( 9 ) Modern
R sin 9

3° 45 1 225 224.856 48° 45 ' 2585 2584.825

7° 30 ' 449 448.749 52° 30 ' 2728 2727.549

11°15' 671 670.720 56° 15' 2859 2858.592

15°0 ' 890 889.820
•
60° 0 ' 2978 2977.395

18°45' 1105 1105.109 63° 45 ' 3084 3083.448

22°30' 1315 1315.666 67° 30 ' 3177 3176.298

26°15' 1520 1520.589 71° 15' 3256 3255.546

30°0 ' 1719 1719.000 75° 0 ' 3321 3320.853

33°45' 1910 1910.050 78° 45 ' 3372 3371.940

37°30' 2093 2092.922 82° 30 3409 3408.588

41°15 2267 2266.831 8 6° 15' 3431 3430.639

45°0 2431
1

2431.033 90° 0 ' 3438 3438.000
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Sines of allied angles
For a given (or known) angles 9, the trigonometric 

function sine of its allied angles like (90° + 9), (180° + 9,

and (270° + 9) are given and used by Aryabhata I as follows:

(i) sin(90° +9) = sin 90° - versin 9(= cos 9)

(ii) sin(180° +9) = sin 90° - versin 90° - sin 9 ( = -sin 9)

(iii) sin(270° +8) = sin 90° - versin 90° - sin 90° + versin 9
ir

(= -cos 9)

Trigonometric results of Bhaskara I
1. In the chapter on Aryabhata I it was pointed out that he has 

given some interesting trigonometric results. One of them is 

to find sine of an angle greater than 90°. While Aryabhata's 

statement is cryptic, his commentator and exponent, Bhaskara 

I gives the results more explicitly. The results are:

(i) R sin(90° +9) = R sin 90° - R versin 0

(ii) R sin(180° +0) = R sin 90° - R versin 90°

- R sin 9= - R sin 0

(iii) R sin(270° + 9) = R sin 90° - R versin 90°

- R sin 9 + R versin 9

= - R sin 90° + R versin 0

where R versin 8 = R(1 - cos 9), called Utkrama~jya (9).

2. Bhaskara I has explained clearly the method of securing the 

sine-table. He also explains how to obtain the sine and 

versine of an intermediate angle by interpolation.

3., In his Mahabhaskariyam, Bhaskara I has given an interesting 

approximate formula for calculating R sine of an acute angle 

without using the table. His formula is
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4R(1 = :° - A) A
R sin A = ------------------------

[40500 - (180° - A)A]

where A is in degrees.

Now, if A is in radians, the above formula takes

16A(7r - A)
sin A = ------------------

5 7T2 - 4A(7T- A)

For example, we get

sinCTT/3) = 0.8643 ..., sin ( TT /4) = 0.70058

sin(TT/7) = 0.4313 ... which are all correct upto two 

places.

This formula has been extensively used by

he form

and

decimal

later

mathematicians.
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SETS

On page 1 of the textbook it is mentioned that set is 

an undefined term and yet on page 2 set is defined. Such 

contradictory statements about set generate serious doubts 

in the sensitive reader of the book. Although in axiomatic 

set theory set is taken as an undefined term but it is not 

suitable for the elementary level of high schools. Since the 

definition of set is easily understood by most students it 

is better to give definition of set as given on page 2.

However after giving definition of set the meaning of 

"well defined objects" is to be made more clear to students. 

Infact a collection S of objects is said to be collection 

of well defined objects provided given any object x either 

x £ S or x S. In other words, x S and x S cannot 

happen. At this juncture it is worthwhile to explain that 

although a null collection has not objects in it, still it 

is a collection of well defined objects because given any 

object it is always not a member of null collection. This 

also proves that a null collection is a set and that is why 

we call it as null set or empty set.

On page no. 5 there is no explanation for not repeating 

the elements in a set. This can be very well explained by 

using the concept of equality of sets. It can be very easily 

shown that even if some elements are repeated it is still

the same set in which the elements are distinct. It is for

this reason that the elements are not repeated in a set.
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Some illustrations are given on page no. 7 of text 

book to infer that (i) a set is a subset of itself and 

(ii) null set is a subset of every set. But such an 

inference is not valid in Mathematics. This can only be used 

to motivate the children for the corresponding theorem or a 

result. Infact the truth of a statement is established only 

through the proof. Therefore wherever proofs are easy to 

understand it is always appropriate to give proofs rather 

than giving some unacceptable explanations.

In the textbook different kinds of sets are mentioned

as finite sets and infinite sets - singleton set and null 

set. Strictly speaking both singleton set and null set come 

under finite sets and they should not be treated as types of 

sets. If we accept null set and singleton set as kinds of 

sets then we must go on for sets with two points, sets with 

three points and so on. Usually when we classify sets into 

different kinds we give a broad classification such as

finite sets and infinite sets. Further infinite sets are

classified as countable sets and uncountable sets.

In the context of null set it is also said that it is 

denoted by (J). Such a unique symbolism is possible for null 

set as null set is unique in set theory. Therefore before 

giving such a symbolism for null set it is more logical to 

explain the above fact concerning null set.

It is very often found in the textbook that many of

the set theoretic results are arrived at by giving some

examples. But this gives a very wrong signal to the children
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that to prove a result it is enough to illustrate the same 

by means of some examples.

In light of the above observations we list some proofs

of some results. I

Theorem 1: A null set is unique.

Proof: Proof is by contradiction.

Suppose null set is not unique.

Then we can find two distinct null sets says (f)i and 1^2 ===>

and are null sets.

==> There exists x £ such that x $2 or there exists 

y £ §2 such that y .

In any case there is a contradiction because x or

y (j>2 cannot be true as and <p2 cannot contain any

elements.

This shows that there cannot be two null sets and so

there is only one null set. Hence null set is unique.

Remark

Since the null set is unique it is usually denoted by <f). 

Theorem 2: The null set is a subset of every set.

Proof: Let A be any set then we have to show that <j) C A.

Once again the proof is by contradiction.

Suppose </) A ==>_3 x 6 (J) such that x A.
But x C (j) is absurd and so a contradiction.

(J) C- A
Theorem 3: Any set is a subset of itself.

Proof: If A is any set then to show that AC A. Let x A 

then x £ A.

A CZ A
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The transitive property of subsets (not given in the 

textbook) may be explained and proved.

Theorem 4 : If A B and B C then A C

(transitive property subsets)

Proof: Let x £ A. Then x B ( . A B)

Also x € C ( . B CZ C)

ACC

The following result and its proof may be studied by 

teachers and could be explained to highly motivated students 

as the proof is not of routine type.

Theorem 5: If A is any set then there is always a set A]_ 

which contains A as proper subset. (In fact this result 

clearly shows that there is no set which is the largest).

Proof: Let Ax = A U {A}

Then A C. A]_ by very choice of A]_.

Now A £ A]_ but A A ( 7 no set can contain itself 
as member)

= = > A is a proper subset of A]_.

Difference of two sets and complement of a set

In the textbook first complement of a set is defined 

and then difference of two sets has been explained. The 

interrelationship between these two concepts is not 

explained. Infact interrelatedness between two concepts is 

to be always explained to the students as it gives better 

insight into the concepts. In this context complement of a 

set is a special type (or a particular case) of difference 

of sets. It is a simple thing to observe that complement A' 

of A with respect to a universal set B is precisely A'=B-A.
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The following exercises are suggested for discussion

in the class.

Exercises

1. If AC B then prove that B' A'.

2. Prove that (i) (AUB)1 = A'fi B’

(ii) (AflB)' = A'UB*

(Demorgan's laws)

3. Show that A - B = A B'.

4. Let A and B be any two sets. Then prove that

5

6

7

AUB = (A-B) U (B-A) U (A B) .

If A and B are finite sets then by using result 

show that n(AUB) = n(A) + n(B) - n(A B).

Suggest an alternative proof for

n(AU3) = n(A) + n(B) - n(A B) .

Generalise the result (6) above for any three

and C.

(4) above

sets A, B

8. A man having n (n _> 1) friends intends to invite one or

more of his friends for . a dinner party. Find by set

theoretic methods the number of ways in which he can

invite his friends.

9. If X is any finite set then show that X cannot be

equivalent to its power set P(X). This result is due to

cantor and it is true for any set X. [Here X is taken to be 

finite only to simplify the proof. The proof given in the

general case by cantor is abstract and students may find it

difficult to understand].
10 J Explain the significance of Venn diagrams in set theory. 

[One of the most important reasons for using Venn 

diagrams is not explained in the textbook].
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AXIOMATIC APPROACH TO GEOMETRY

INTRODUCTION
The study of geometry developed from the desire to 

measure the area of pieces of land, to determine the volume 

of granaries and to calculate the dimensions and amount of 

material needed for various structures. The physical origin 

of the basic figures of geometry and the simple relation

ships like perpendicularity, parallelism, congruence, 

similarity are found in nature as well as they derive from 

ordinary-experiences.

Examples: Boundary of a field; Shape of a rainbow, shape of

a wheel, shape of a cell in a honey comb, etc.
r

The walls of a house are deliberately set up right so 

that there will be no tendency to fall and a tree grows 

perpendicular to the ground.
«

The banks of a river are parallel.

A builder constructs a row of houses according to the 

same plan wishes them to have the same size and shape that 

is to be congruent.

Models of real objects are often similar to the object't **
represented, especially if the model is to be used as a 

guide to the construction of the object.

BASIC STRUCTURE OF EUCLIDEAN GEOMETRY

Like any other branch of mathematics, Euclidean 

geometry also begins with certain basic elementary concepts 

(Euclid's elements) such as a point," line, circle, triangle 

and the quadrilateral, which are abstractions from
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experience. These concepts obey certain stated axioms which 

are the basic self evident truths about the concepts 

involved on which mathematics was built. These axioms are

the facts which seem clearest and most reliable in our

experience.

From a set of axioms theorems were logically deduced.

The theorems offer new knowledge. The amount of information

that can be deduced from a set of axioms is almost

incredible. Euclid derived about five hundred theorems from

his own set of axioms. The entire body of Euclidean geometry

constituted a collection of indubitable truths about 

idealised objects and phenomena of physical world.

A few Euclid's definitions

1. A point is that which has no part.

2. A line is breadthless length.

3. A straight line is a line which lies evenly with the 

points on itself.

4. A surface is that which has length and breadth only.

5. A plane surface is a surface which lies evenly with the 

straight lines on itself.

6. A plane angle is the inclination to one another of two 

lines in a plane which meet one another and do not lie in 

a straight line.

7. A boundary is that which is an extremity of anything.

8. Parallel straight lines are straight lines, which being 

in the same plane and being produced indefinitely in both 

directions, do not meet one another in either direction.
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9. Rectilineal figures are those which are contained by 

straight lines, trilateral figures being those contained 

by three, quadrilateral those contained by four, and 

multilateral those contained by more than four straight

lines.

10. Of trilateral figures, an equilateral triangle is that 

which has three sides equal, an isosceles triangle that 

which has two of its sides alone equal, and a scalene 

triangle that which has its three sides unequal.

11. Further, of trilateral figures, a right angled triangle 

is that which has a right angle, an obtuse angled 

triangle that which has an obtuse angle, and an acute 

angled triangle that which has its three angles acute.

12. Of quadrilateral figures, a square is that which is both 

equilateral and right angled; an oblong that which is 

right angled but not equilateral; a rhombus that which 

is equilateral but not right angled; and a rhomboid that 

which has its opposite sides and angles equal to one 

another but is neither equilateral nor right angled. And 

let quadrilaterals other than these be called trapezia.

13. A circle is a plane figure contained by one line such 

that all the straight lines falling upon it from one 

point among those lying within the figure are equal to 

one another. And the point is called the centre of the

circle.

14. A diameter of the circle is any straight line drawn 

through the centre and terminated in both directions by
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the circumference of the circle, and such a straight

line also bisects the circle.

15. A semi-circle is the figure contained by the diameter

and the circumference cut off by it. And the centre of

the semi-circle is the same as that of the circle.

16. When a straight line set up on a straight line makes the

adjacent angles equal to one another, each of the equal

angles is right, and the straight line standing on the

other is called perpendicular to that on which it

stands.

EUCLID'S AXIOMS
- ■ Two points determine a unique straight line.

2 . A straight line extends indefinitely for in either

direction.

3 . A circle may be drawn with any given centre and any given

radius.

4. All right angles are equal.

5. If a straight line falling on two straight lines make the

interior angles on the same side less than two right

angles, the two straight lines, if produced indefinitely,

meet on that side on which are the angles less thani the

two right angles.

THE COMMON NOTIONS

1. Things which are equal to the same thing are also equal

to one another.

2. If equals be added to equals, the wholes are equal.

3. If equals be subtracted from equals, the remainders are

equal.
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4. Things which coincide with one another are equal to one

another.

5. The whole is greater than the part.

SOME THEOREMS DUE TO EUCLID
1. An exterior angle of a triangle is greater than either 

remote interior angle of the triangle.

2. If two lines are cut by a transversal so as to make 

alternate interior angles equal, then the lines are 

parallel.

3. Circles has more area than any polygon with the same 

perimeter.

4. In any triangle the greater side subtends the greater 

angle.

5. In any triangle two sides taken together in any manner 

are greater than the remaining one.

6. If two triangles have the two sides equal to two sides 

respectively, but have the one of the angles contained by 

the equal straight lines greater than the other, they 

will also have the base greater than the base.

7. Straight lines parallel to the same straight line are 

also parallel to one another.

8. In isoceles triangles, the angles at the base are equal 

to one another, and, if the equal straight lines be 

produced further, the angles under the base will be equal

to one another.

9. If in a triangle two angles be equal to one another, the 

sides which subtend the equal angles will also be equal

to one another.
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HISTORICAL BACKGROUND OF NON-EUCLIDIAN GEOMETRY
Non-Euclidean geometry has its existence because of 

the fifth postulate due to Euclid. So we state here the 

postulate five of EUCLID.

If a straight line falling on two straight lines makes 

the interior angles on the same side less than two right 

angles, the two straight lines, if produced indefinitely, 

meet on that side on which are the angles less than the two 

right angles.

Drawbacks of this postulate
1. This postulate is not that self evident as the other 

first four postulates,

2. This postulate is related to the idea of infinity (two 

straight lines never meeting though infinitely produced), 

which Greeks had mistrust of infinite process, and

3. There is evidence that Euclid himself avoided using this 

postulate in proving the theorems wherever possible. It

is not used until its use cannot be avoided.

In order to overcome these drawbacks of the fifth

postulate of Euclid, mathematicians adopted two pronged 

approach. The first was to deduce it from the other axioms,



-86-

so that it becomes a theorem and not a postulate and the 

other was to substitute a more acceptable, a more self 

evident postulate for it.

It was found that the first approach of deducing the 

parallel postulate (fifth postulate of Euclid) from the 

others is not possible.

The second approach that of "replacing the parallel 

postulate by alternatives which were not equivalent to it" 

led to the discovery of other geometries (that is geometries 

other than that founded on Euclidean postulates); known as 

non-Euclidean geometry.

Here we give two such non-Euclidean geometries, viz. 

Hyperbolic geometry and Elliptic geometry.

Hyperbolic geometry (Lobachevski, 1793-1856)
The Russian mathematician is the first to discover and

publish (though there were several almost simultaneous 

discoveries) non-Euclidean geometry.

Lobachevski replaced the Euclid's parallel postulate 

by the following.

Through a point outside a given line there can be 

drawn infinitely many lines parallel to the given line.

Given line
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The lines through P are divided into two clas

chose which intersect the given line, and those which do

intersect it, and the boundary between the classes make

acute angle with the perpendicular known as the angle

parallelism, the exact value of which depends upon the 

height h of the point P above the given line. As h increases 

the angle tends to zero; as h decreases the angle tends

.to 90°.

Consequences of Lobachevski1s Postulate

1. The sum of the interior angles of a triangle is less than 

two right angles; but tends to Euclidean value as the 

area of a triangle tends to zero.

2. Equiangular triangles have the same area. The similarity 

theorems of Euclid became meaningless.

Euclidean geometry is a limiting case of Lobachevskian 

geometry.

Elliptic Geometry (Riemann, 1826-1866)

Important consequences are

1. No line can be drawn parallel to a given line through a 

point outside the line.

2. Sum of the interior angles of a triangle is more than two 

right angles but tends to Euclidean value as the area of 

a triangle tends to zero.

Note: Both the non-Euclidean geometries are perfectly
consistent systems, but our intution tells us that 
they are not true, in the sense that the physical 
world around us seems to be Euclidean on the small 
scale at which we can measure it. However, intution is 
by no means always a reliable guide.
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CONGRUENCE

Two geometric figures are congruent if they have the 

same shape and size.

For example:

Fig. 3

(b)

Fig. 4



-8 9-

Now in each pair of the above figures, 

see through our perception that figure (a) 

same shape and size of the figure (b) or vi< 

of their position.

But if the position of the figures is 

not easy to say that the figures are congruent 

Example 1

we can easily 

is having the

ce-versa because

changed it is 

For example

The two triangles ABC (Fig. 5(a)) and 

looks to be of different in size and shape

DEF (Fig. 5(b)) 

because of the
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position of the vertices of the triangles. Infact these two 

triangles have the same size and shape and this can be found 

easily by rotating the triangle DEF clockwise direction in 

the plane about a point (say G) inside the triangle and then 

sliding the figure DEF so that D coincides with C; E with A

and F with B.

We write the pairs of corresponding vertices

D <---> C ; E <--- > A; F <--- > B

This type of relation if it exists between the 

vertices of one figure to that of another figure so that t’he 

two figures are congruent; then the relation is called

congruence.

Example 2: Consider the following figures 7(a) and 7(b).

GD C H

B E F

I
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These figures 7(a) and 7(b) looks to have the same 

shape and size but to establish the congruence the simple 

rotation will not help (the reader can try) but you have to 

go out of the plane and rotating about the line FH by 180°.

Fig

Now we see that the figure 8(b) look like 

then sliding the figure 8(b) over to 7(a); we can 

the congruence as follows.

7(a) and

establish

F <---> A; E <--- > B; H <--- > C; G <--- > D

Congruence of line segments
Two line segments are congruent if they have the same

measure.

Example

B4 cm

AB is congruent to XY

Symbolically, we can write AB XY
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Note: Can we write AB = XY ?

AB and XY are sets of points and equality between sets 

means that every point in the first set is in the second and 

every point in the second set is in the first.

If AB = XY then AB and XY are two names for the same

line segment.

If AB = XY then AB 2 XY

But AB £ XY does not necessarily imply A3 = XY

Congruence of angles
Two angles are congruent if they have the same measure. 

Example

B

[.ABC is congruent to [_XYZ

Symbolically we can write [ABC I XYZ

Note: Can we write |ABC = |XYZ

[ABC = IXYZ if every point of |XYZ is a point of 1 ABC and 

every point of [.ABC is a point of [ XYZ. In other words,

I ABC = |XYZ means these are two different names for the same

set.

Two angles can have the same measure (be congruent) 

but be two entirely different sets of points. If two angles
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are equal, then they are congruent, but the converse of this

statement is not true.

ADDITIONAL PROBLEMS
Exercises

1. Which of the following pairs of figures are congruent ? 

Write a congruence between the congruent figures.

2. Which of the

counterpart ?

figures

3. (a) Are the sides of a square congruent ?

(b) Are the sides of a rectangle congruent ?

(c) Are the opposite faces of a cube congruent ?
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(d) Are two adjacent faces of a cube congruent ?

(e) Are two opposite faces of a rectangular block, 

as a brick are congruent ?

(f) Are two adjacent faces of a brick are congruent ?

4. The triangles in each of the following pairs

congruent ? Write the congruence for each pair ?

such

are

(;D

(c) (d,

(b)

P R S N

of

(a) two segments 

(d) two circles

(c) two angles 

(f) two triangles

5. Under what conditions would the following pairs 

figures be congruent ?

(b) two lines 

(e) two squares

6. Consider the five pointed star ABCDE. Write all 

congruences between the star and itself, beginning

ABCDE <--> ABCDE.

the

with
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7. Which of the following plane figures can be fitted into 

each other ? Some matched pairs can be made to coincide 

by sliding the figures around in the same plane. But in 

some cases we need to turn one of the figures over in 

space to get it coincide with the second. For each 

matched pair that you find, indicate whether turning over

is needed.

Solutions to Practice Problems 4(3)
1. Write down the equal sides in the following triangles 

using Fig. 4 (33) .

(a) PQR (b) QPS (c) RSP

Solution
(a) PQ and QR

(b) PQ and PS

(c) PS and SR
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2 . State whether the

congruent or not. If

theorem used.

following pairs of 

congruent state the

triangles

postulate

are

or

(i) A PQR PQ =

XY =

5 cm

5 cm

QR = 4 cm L2 =

IV =

70°

70°A XYZ YZ = 5 cm

(ii) A ABC AB = 6 cm BC = 5 cm 1b = 65°

A DEF DE = 6 cm EF = 5 cm Ld = 65°

iii) A PQR PQ = 3 cm PR = 5 cm LQ = 90°

A XYZ XY = 3 cm XZ = 5 cm U = 90°

(iv) A ABC BC = 6 cm Lb = 60° LQ = 90°

A DEF EF = 6 cm Le = 60° |F = 4 0°

(v) A KMN Ll = 50 o [M = 60° li = 70°

A PQR Le = 50 o LQ = 60° 1* = 70°

Solution
(i) Not congruent

(ii) Not congruent

(iii) Congruent by RHS theorem

(iv) Not congruent

(v) Not necessarily congruent

3. Fill in the blanks:
(a) If AabC A PQR then side congruent to AC is PR.

(b) If A PQR the included angle formed by PQ and QR is 

I PQR.

(c) The number of correspondence between two triangles

six.

(d) If PQR <--> ABC is a correspondence between 

triangles, the angle corresponding to |_Q is |_B.

is

:wo
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(e) AA3C = ADEF. If AB = 10 cm,BC = 7 cm and AC = 5 cm,

the length of ZZ = 10 cm.

(f) If ApQR = Axzz, Lz = 80° and [Y = 70° measure of 

[R = 30°.

(g) If all the six correspondences between two triangles 

are congruences they are congruent triangles.

4. Congruent pairs are marked alike in the following pairs 

of triangles. Write down the correspondence which is a 

congruence and the postulate or theorem used for proving 

the congruence.

Solutions
(a) E <--> A

D <--> B

F <--> C

(b) R <--> A

Q <--> B

P <--> C

(c) R <--> B

P <--> A

Q <- > C

(d) O <--> 0

D <--> C

A <--> B

SAS postulate

SSS postulate

SAA postulate

RHS postulate

(e)

C <-->

D <-->

(ii) A <-->

B <-->

B

C

D

A

C

SAS postulate

RHS postulate

D <--> D
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(f) (i) C <--> D

A <--> 3 SAS postulate

0 <--> 0

(ii) A <--> A

B <--> B SAS postulate

C <--> D

5. In the figure given below, BC = AD and AC = BD prove 

Lc = |D.

Solution: Consider the two triangles ABC and ABD

AB is common

BC = AD given 

AC = BD given

By SSS theorem the two triangles are congruent.

|_ACB = I APB (the angles opposite to AB) .

Hence proved.

6. In the following figure [A = [C = 90° and AD = BC 

that AB = DC.

that

prove
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Solution: The triangles ABD and BCD are right triangles

(given).

AD = BC given

AaBD A BCD (By RHS theorem)

AB = DC

'7. In the figure given below AD = BC and DB = CA. Prove that

Lb = Le-

Solution: Consider the two triangles ADB and BCA.

AD = BC and DB = CA (given)

[ADB = IACB (angle opposite to side AB) and 

AB is common.

AADB ABCA (by SSS theorem).
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Solutions

1. In the

to more practice problems, 

figure given below,

Solution

A3 = AC and BD = CS

= > 1_ABC = [ACB ( . angles opposite to equal sides 
are equal).

Consider the triangles ABD and AEC.\
AB = AC (given)

1ABD = |ACE (proved above)

BD = CE (given)

AaBD A ACE (by SAS postulate)

AD = AE (sides opposite to congruent angles [ABD and 
[ACE)

2. In A ABC, AB = AC and AD is the bisector of jj3AC such 

that D is on BC. Prove that I ABD 1ACD and hence prove 

that JB = |C.

Solution:
ft
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Consider the triangles ABD and ACB;

AB = AC (given)

[BAD = [CAD ( AD is the bisector of | BAC) 

AD is common

A ABD A ACD (by SAS postulate)

| ABD 1ACD => [B = [C

3. In the following figure (Fig. 4(44))

the mid point

AB = AC (given) 

|A is common

• *
AQ = AP ( . P and Q are mid points of equal sides) 

AaBQ AaCP (SAS postulate)

BQ = CP

4. Two angles of a triangle are equal in measure. Prove that 

the sides opposite to these angles are equal in measure.

Solution:
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Given [ABC = j ACB

BC

lX

i.e. AabC 

AB

CB

Lb
AACB (by ASA postulate) 

AC

5. In the following figure 

[DAB = 1 CBA

AD = BC

Prove that [DBA = |CAB

Solution: Consider the triangles ADB and BCA 

AD = BC (given)

1 DAB = [CBA (given)

AB is common
Aadb Abca 

[DBA = | CAB

6. In AaBC, AB = BC = AC. Prove that [A = LB = |_C.
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Solution: Consider the A-*-es

AB = BC ~~ 
BC = CA 
CA = AB

Aabc Abca

ABC and BCA

- (given)

=> [a = lb = Ls

Solution: Consider the triangles ACD and ACB;

AD = AB (given)

CD = CB (given)

AC is common

AACD AACB (by SSS theorem)

|_DCA = [BCA (angles opposite to congruent sides)

Consider the triangles ADE and ABE 

AD = AB (given)
I DAE = | BAE ( A ACD AaCB proved above)

AE is common

AaDE AaBE (by SAS postulate)

DE = BE (sides opposite to equal angles)
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8. Supply the missing reasons:

Statement Reason

1. ' AD = AB 1. Data, definition of congruent 
segments

2 . DC BC 2. Data, definition of congruent 
segements

3 . AC AC 3. Common side

4 . Aadc Aabc 4. SSS theorem

5. [DCA = |BCA 5. Measures of corresponding parts 
of congruent triangles

6 . EC EC 6. Common

7 . Adce Abce 7. Statements 2, 5, 6 and SAS 
postulate

8. DE = BE 8. Measures of corresponding parts 
of concrruent trianqles

Additional Problems
1. The SAS axiom tells us that two sides and the 

between them uniquely determine a triangle. Is this 

for a quadrilateral ? Draw diagrams to illustrate

answer.

2. Given any three positive real numbers a, b and c, can 

construct a triangle having sides whose measures are

and c ?

3. Can you construct a triangle whose sides measure 2, 3

5 units respectively ?

4. What restrictions, if any must you place on a, b and 

order that they might represent the measures of the 

of a triangle ?

angle

true

your

you

a, b

and

c in

sides
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5. If two triangles are congruent, do they have the same 

perimeter ? If two triangles have the same perimeter are 

they necessarily congruent ? Illustrate your answer.

6. Every equilateral triangle is equiangular and every 

equiangular triangle is equilateral. What do you conclude 

about the set of all equilateral triangles and the set of 

all equiangular triangles.

,7. Suppose that you have a quadrilateral ABCD whose opposite 

sides are congruent. Prove that |_A = | C (Hint: Draw a

diagonal) .

8. Every equiangular triangle is equilateral. Does this

statement hold for a quadrilateral ? (If a quadrilateral 

has all four angles congruent, are all four sides

congruent ?) Sketch.

9. Let S be the set of acute angles and let the relation (R) 

be "is the complement of". Is this relation reflexiive ? 

Is it symmetive ? Is it transitive ? Explain.

10. Given DG = CH, |_D = [C; AG 1 DK, BH 1 CK. Prove that

AD = BC from the following figure.
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SIMILARITY

Definition

Two geometric figures are similar if they have the same

shape.

Fig. (1)

Fig. (2)

Fig. (3)

Fig. (4)

Now in each pair of the above 

see through our perception that Fig. 

of the Fig. (a).

figures 

(b) is

we can easily 

an enlargement
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Observe the following Fig. (5).

X

U.)

C

B F G

Fig. (5)

Can we say that Fig. (b) is an enlargement of Fig.

(a). At the first sight we may think Fig. (b) is the

enlargement of figure (a). But on closer examination we see

that it is not Some of the sides are enlarged and some

sides are not and so they are of different shape and so are

not similar.

Similarity of Polygons
Two polygons are similar if there is a one-to-one 

correspondence between the vertices such that

(i) corresponding angles are congruent 

(ii) corresponding sides are proportional

(Note: Similar polygons are not necessarily congruent. But 

congruent polygons are similar).

For two polygons to be similar above two conditions

must be satisfied.

If only one condition is satisfied, this is not in 

general enough to guarantee that the two figures will have 

the same shape.
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For example,

(1) Only when the first condition is satisfied, that is, 

only when the corresponding angles are congruent.

2 3
(a) (b)

Fig. 6
These two rectangles are not similar even though all 

angles are congruent.

(2) Only when the second condition is satisfied that is only 

when the corresponding sides are proportional.

1
3

3

Fig. 7
These two quadrilaterals (rhombus and square) are not 

similar even though their sides are proportional.

Consider the two quadrilaterals shown in Fig. 8 which

are similar.

(b)

D C

A3 B

(a)

Fig. 8
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There is one-to-one correspondence between the vertices 

ABCD <--------> EFGH.

2
Ratios of two sides is --- = 2

4

It is not just the vertices have one-to-one correspond

ence, but for any two given points in figure (a) there will 

be corresponding two points in figure (b) such that the 

.length of the segment of the two given points in figure (a) 

is proportional to the length of the segment of the corres

ponding two points in figure (b).

AB AC AL BL LC
For example: --=--=--=--=--=2

EF EG EM FM MG

Corresponding diagonals of similar polygons are 

proportional with the same constant of proportionality as 

the corresponding sides.

Similarly we can see that the perimeters of two 

similar polygons are proportional with the same constant as 

the corresponding sides of the polygons (proof is left to 

the reader).

Similarity of triangles
We have seen that in general for two polygons to be 

similar the following two conditions should hold good.

(i) Corresponding angles are congruent 

(ii) Corresponding sides are proportional

But for triangles (polygons having the least number of 

line segments) the situation becomes simpler.

Either one of these conditions is sufficient, because 

in triangles one follows the other and vice versa; that is,
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if corresponding angles of two triangles are congruent men 

the corresponding sides are proportional and if correspond

ing sides of two triangles are proportional then the corres

ponding angles of the two triangles are congruent.

Pythagorean theorem: In any right triangle the square of the 

length of the hypoteneuse is equal to the sum of the squares 

of the lengths of the other two sides.

Given: ABC is a triangle, right angled at C.

Construction: Draw CD perpendicular to AB.

To prove that a2 + b2 = c2

Proof: Consider the triangles ABC and ACD.

[_C is a right angle in A ABC 

[ADC is right angle in A ACD 

[A is common

By AA similarity theorem the two triangles ABC and ACD are

similar.

e d b

a b c
Also similarly A ABC is similar to A CBD.

a b c
i.e. ---=----=----

f e a
. . . (2)
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From the last equality of (1) ;

b2 = cd

b2
i.e. d = ----

c

From the first and the last of (2);

a c

f a

1 c

f a2

a2
i.e. f = ----

c

d + f = c

b2 a2
----+----- _ c
c c

b2 + a2 = c2i.e.

Additional Problems

1. A set of three positive numbers, such as 3, 4, 5 which

can be the measures of the sides of a right triangle is 

called a pythagoream triple. If (a,b,c) is a Pythagorean 

triple (a2 + b2 = c2), show that (2a,2b,2c) is also a

Pythagorean triple. For any positive integer n, show that 

(na,nb,nc) is a pythogorean triple. Use this to construct 

other triples starting with (3,4,5) .

2. The Greeks knew that a pythagorean triple (a,b,c) could 

be found by assigning values to u and v, where

(a) u and v have no factors in common

(b) one is even, the other odd, and

(c) u > v



-112-

and using the formulas

a = 2 u v ; b = u2 - V2;

For example, if u = 2, v = 1, then

a = 4; b = 3 ; c = 5

Use these formulas to find other Pythagorean triples.

3. In an isosceles right triangle, the length of the 

hypoteneuse is 4. Find the lengths of the legs.

4. Let ABC is an equilateral triangle with sides having 

measure s. What is the length of the altitude h in terms

of s ?

5. Find x and y in the following figure

y
3

x

4
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MORE ABOUT CIRCLES

Solutions to practice problems: 10(1)

the

a) ABC d) DEA
b) BCD e) EAB
c) CDE f) ABD

Solutions:

a) | ABC d) |dea

b) | BCD e) 1 EAB

c) | CDE f) | ABD

2. See Fig. 10(15) and write the names of the arc
the following angles are inscribed.

in which

a) |ACD d) iDEF
b) |BEF e) |BFE-

c) |CPA
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Solutions : a) ACD

) BEF

) CDA

) DEF

3. In Fig. 1 
centre 0.

) BFE

(16) AF arc of the circle withis a minor

Fig.10(16)

a) Inscribe 
vertices

b) Write the

Solutions:

four angles in the opposite arc of AF 
i, C, D and E.

names of the above four angles.

with

(i) [ABC (iii) |ADF

(ii) I ACF [AEF(iv)
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4. In Fig. 10(17) AC3 is a 

centre 0. Examine whether

minor arc of the circle with 

following angles are inscribed

Solutions: a)

b)

c)

d)

e)

5. The measure of

kind of an arc

a) |aob d) [BAF

b) [adf e) I BAG

c) LAEB

No - vertex of 
the arc

the angle is not a point of

No - arm of the 
end point

angle does not 
of the arc

contain an

No - vertex of 
the arc

the angle is not a point of

No - vertex of 
of the arc

the angle is an end point

No - vertex of 
of the arc

the angle is an end point

an inscribed angle in an arc is 40°. What

is it ?

Solution: Major arc
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6. Make a major arc, a semi-circle and a minor arc of a 

circle. Inscribe an angle in each of them. Determine the 

nature of the angle inscribed in each of

set square.

the arcs using a

Obtuse angle

Fig. 10(18)
Solutions to practice problems 10(2)
1. See Fig. 10(31). Write the names of the intercepted arcs 

of |ABC in each of the figures.

Solution: ADC

i
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Solution: APC

//
A

' \\

Solution: AEB

/
Z D

Fig. 10 (31) (iii)

Solution: AQC and ARC

2. Refer Fig. 10 (32)

Write the names of

(a) inscribed angles

(b) the arc in which the angle is inscribed and

(c) the intercepted arc of the angle in each figure
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Solution: Inscribed angle | ABC. The arc in which the angle 

is inscribed is ABC and the intercepted arc of the

Inscribed angle is 1PQR.

The arc in which.the angle is inscribed is PQR 

The intercepted arc of the angle is PSR

Inscribed angle is |_XYZ.

The arc in which the angle is inscribed is XYZ 

The intercepted arc of the angle is XPZ

Fig. 10 (32) (iv)
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Inscribed angle is [MNP.

The arc in which the angle is inscribed is MNP 

The intercepted arc of the angle is MQP

4. See Fig. 10(34), [i = 40°- Find/ABC®

I AQC = 80°

ABCe = 360 - 80 = 280°

5. In Fig. 10(35), XY° 320°

Fig. 10(35)

IXOZ = 360° - 320° = 40° 

[Y = 20°
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6. In Fig. 10(37), [3 = 60°

What is the measure of [ADC ?

IADC = 120°

1
1 ADC =---ABC° = 120°

2

1 I
1 CDB = --- (250)

2

125°
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Practice problem 10(4)
4. In Fig. 10(43) jDCE = 50° 

What is the measure of |_A

|_BCD + IDCE = 180° (linear pair of angles)

|_BCD = 180° - [DCE

= 180° - 50°

= 130°

[BAC + [BCD = 180° ( . ABCD is a cyclic quadrilateral) 

[BAC = 180° - [BCD°

= 180° - 130°

= 50°

6. In Fig. 10 (45), O is the centre of the circle.

[AOC = 130°. What is the measure of angle B ?

Fig
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1
[ADC = --- (AOC)

2

1
= --- (130°)

2

= 65°

But [ABC + [ADC =180° ( . ABCD is a cyclic
quadrilateral)

[ABC = 180° - !ACC 

= 180° - 65°

= 115°

10 (47) , PQRS is a cyclic quadrilateral8 . In Fig.

[RQS = 40°, [PRS = 30°. Find [PSR ?

Solution: [PQS = I PRS (angles in the same segment)

i.e. IPQS = 30°

LPQR = [PQS - [SQR 

= 30° - 40°

= 70°

But IPQR + [PSR = 180° ( . PQRS is a cyclic quadrilateral) 

IPSR = 180° - [PQR°

= 180° - 70°

110°
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Practice problems 10(5)

2. The length of the tangent segment drawn to a circle of 

diameter 20 cm from an exterior point is 24 cm. Find the 

distance of the point from the centre.

Solution: PO2 = OQ2 + QP2
= 102 + 242

= 100 + 576

= 676

PO = + y 676 cm

= 26 cm

4. A tangent segment is drawn to a circle from an exterior 

point 39 cms away from the centre. If the length of the 

tangent segment is 36 cms find the diameter of the

circle.

Solution: /v
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OB2 = OA2 - OB2 

= 392 - 362

= 1521 - 1296

= 225

OB = 15

Diameter of the circle is 2(OB) =2x15

= 30 cms

5. The length of the tangent segment drawn to a 

a point 13 cm away from the centre is 12 cm. 

length of another tangent segment to the 

drawn from a point 25 cm away from the centre

circle from

What is the

same circle

Solution: OA2 = OB2 - OA2

= 132 - 122

= 169 - 144

OA = 5 cm

CD2 = CO2 - OD2

= 252 - 52

= 625 - 25

= 600

CD = / 100x6

= 10 7^6 cm
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MEASURES OF CENTRAL TENDENCY

Jn order io reduce the complexity of data and to make them comparable, it is essential 
that the various phenomena which are being compared are reduced to, one figure each.

Such figures are called ‘measures of central tendency’ or ‘averages’. Average should 
give the gist and concise picture of the whole data. Therefore, an ideal (or good) average 
should represent the entire data for which it is considered.

There arc many ways to consider die averages for any given data. Some of the 
averages or measures of central tendency arc discussed below.

1 Arithmetic mean

Let the different values in the given raw (ungrouped) data be xf, x2............ xn.
Then the arithmetic mean (A.M.) denoted by x is defined as the ratio of sum of the 
values and the number of values.

- _ Sum of the values _ (x1 ♦ x, +................ + x„)
Number of values n

n

X*,
n

In case of a frequency distribution with k class intervals, the A.M. is given by

L
52

* -

Where xj is the mid-value of the ith class, fi is the frequency of the ith class and 
k is number of classes.
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If wc use the transformation (changing the variable) 

ui = (xj - A)

h

then x = A + ah

where u is the- arithmetic mean of the new values u,, uz...........u^ and A and h
arc the constants. '

Example I: Calculate the arithmetic mean (A.M.) of the following observations.

20, 27 , 49 , 56 , 25 , 73 , 82 , 91, 64 , 0.

The A.M. of the = (20 + 27 + ^9 + 56 + 25 +• 73 + 82 + 91 x 64 + Q) = 487 
above data 10 iO

= 48.7

Example 2: Find the arithmetic mean of the following frequency distribution.

X 2 4 9 11 12

f 6 9 12 17 6

The above table indicates that the value 2 is repeated 6 times, the value 4 is repeated 
9 times and so on. To get the sum of the values we have to add 2 six times, 4 nine 
times and so on as those values are repeated so many times. In the given data,

Sum of the values = 2x6 + 4x9 + 9x12 + 11 x 17 + 12 x 6 = 415 

Total no. of values = 6 + 9+12+17 + 6 =50

Arithmetic Mean, x Sum of the values _ 415 
No. of values ~ 50

In the above example, the data arc in frequency distribution form without class-intervals. 
Now' let us consider the frequency distribution data with elass-intervajs to calculate the 
arithmetic mean.

Example 3: Calculate the arithmetic mean of the following distribution.

Class Freque

11-22 23
22 - 33 114
33 - 44 173
44 - 55 104
55 - 66 89
66 - 77 17
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Thc different steps involved in calculating the arithmetic mean of a distribution 
of this type are as follows:

Step 1: Calculation of the mid values of class intervals.

Mid value of the class interval
(Lower limit + upper limit)

Step 2:

Step 3:

The mid value of the class 11-22 = (11 + 22) 
—r- = 16.5

The mid value of the class 22 - 33 = (22 + 33) 
~y = 27.5

The mid value of the class 33 - 44 = (33 + 44)
“5r~ = 38.5

The mid value of the class 44 - 55 = (44 + 55) 
y = 49.5

The mid value of the class 55 - 66 = (55 + 66)
2 = 60.5

The mid value of the class 66 - 77 = (66 + 77) 
■y = 71.5

: Calculation of the product of the mid value and the frequeny cor
responding to each class. These products are shown in the following 
table.

: Calculation of the sum of the products of mid values and the cor-

Step 4:

responding frequencies. This sum is indicated under the last column 
of the table given below.

Calculation of the ratio of the sum of the products to the number of 
observations (total frequency).

Class Frequency(f) Mid-value(x) fx

11-22
22 - 33
33 -44
44 - 55
55 - 66
66 - 77

23
114
173
104
89
17

16.5
27.5
38.5
49.5
60.5
71.5

379.5
3135.0
6660.5 
5148.0
5384.5
1215.5

21923.0

Arithmetic mean
21923

42.1596520
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In this problem, die required products of the mid-values and the corresponding frequencies 
arc not easy to calculate as die mid values arc fractional values and die frequencies arc 
of larger numbers. In such a situation, we can calculate the arithmetic mean in a 
simpler way by subtracting and dividing by constants. Suppose we are subtracting a 
constant A from all die mid values and dividing all the resultant values by a constant 
h. Consider the new value obtained after subtracting A and dividing by h as u.

i.e. u = (x - A) • 
h

Now calculate the sum of the products of these values of u and the corresponding values 
of the frequencies. The ratio of this sum of the products to the total frequency gives 
the arithmetic mean of the ‘u’ observations (say u). From this mean, we can obtain 
the arithmetic mean of the given distribution as given below.

Arithmetic mean of the given data = x = A + h u.

Generally, we choose A as equal to the mid value of the class with maximum frequency 
and h as equal to width of the class interval. Let us calculate the arithmetic mean of 
the above data by this simplified method.

For the given problem, consider A = 38.5 and h = 11 because the central mid-value is 
nearer to 38.5 (of course 49.5 also can be considered) and the class width is 11.

The different values of u and llie corresponding products are as shown in the table given 
below.

Class Frequency Mid value(x) x-38.5 
u= 11 fu

11-22 23 16.5 -2 - 46
22 - 33 114 27.5 -1 -114
33 - 44 173 38.5 0 0
44 - 55 104 49.5 1 104
55 - 66 89 60.5 2 178
66 - 77 17 71.5 3 51

520 173

6
Here 52 fai = 173 

i=l

u = 173/520 = 0.3327

x = A+h u = 38.5 + 1 1 (0.3327) = 38.5 + 3.6596 = 42.1596
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Generally this method is a simplified method when all class intervals are having Lhe 
same width so that the values of u as defined above are like 0,1,2.... ,-1-2..........

Important properties of the arithmetic mean:

1. The algebraic sum of the deviations of all the items from their arithmetic mean is 
zero.

proof: Case 1 : For raw data

n
'Ll,

We know that xz—— so that nx 
n

n
E*z 
1. 1

Also note that
n
£ x = x + x +......... + x = nx

i=l

The deviation of xi from x=(xi - x)

Hence the sum of the algebraic deviations

n n n
= Z (xi-x) = Z Xi - Z x=nx-nx=0 

i =1 i =1 i =1

Case 2: For a frequency distribution, we know that

x =

k
Z ftxi 
i=l so that Nx =

k
I fixi 
i=l

N

Sum of the algebraic deviations
K

■ E
I-1

X

l(.x, - 5) • E 'Az 
/-1

M

E'a/ -1
* Hx - x £ f, * Nx - xH = Q 

/-1
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2. The sum of the squares of the deviations of the observed values is minimum
when the deviations are taken from x. ____

3. If x, is the arithmetic mean of the set of n} items and x2 is the arithmetic 
mean of another of n, items, then the arithmetic mean x of the two sets 
taken together is given by

ni * nz

r , - sum of the n, observations
Proof: we know x, = ------------------------------------

ni
Sum of the n: observations = n, xt

Similarly, sum of the n2 observations = n2 x2

Hence, sum of all the nj + n2 observations = nt xt + n2 x2

niX1 + n2X2The mean of these n, + nn observations = —------— = x
j .2. n, * n2

This result is true for any number of sets. That is, the arithmetic mean of the combined 
sets can be obtained in terms of the arithmetic means of the individual sets.

Arithmetic mean is easy to calculate and simple to follow. It is effected least by 
sampling fluctuations. It is effected much by the end values. Also, arithmetic mean 
cannot be calculated when the ground data is having an open class-interval and when 
the data are ordinal. Therefore, in these cases, another average ‘Median’ is used.

2 Median:

Median is the value which exceeds and exceeded by the same number of 
observations or values.

If the n values in an ungrouped data are arranged in ascending (or descending) 
ZI+1

order of magnitude, the median is the middle value (—y th value) when n is odd; it

is taken as the arithmetic mean of the two middle values if n is even though in this 
case, any value between the two middle values will satisfy the definition.

For example, the median of the following observations is 17 because when they arc 
arranged in ascending order of magnitude the 6lh value is 17 and the number of 
observations is 11.

17, 11, 23, 14, 18, 22, 27, 11, 16, 29, 10.

Similarly, the median of

18, 28, 45, 72, 19, 65, 24, 26 is (26+28)72 = 27 (because the central values are 26 and 
28).

i
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Median for a frequency distribution : When we have a frequency distribution, the 
above method docs not hold good.

Analytical Method for finding median in case of frequency data with class intervals: 
Here, we discuss the analytical method of obtaining median in case of frequency data 
with class-intervals by assuming that the items in each class are evenly spread in it.

By writing the cumulative frequencies corresponding to the upper limits of the 
class intervals, we can easily find out when the cumulative frequency exceeds N/2 (when 
N is the total frequency). If a cumulative frequency is equal to N/2, the corresponding 
upper limit of the class interval is the median. TT no cumulative frequency equals to 
N/2, let c be the biggest cumulative frequency < N/2and 1 be the corresponding upper 
limit of class interval. Let f be the frequency of the class with lower limilL; h is the 
length of this class and this class is called the median class.

The cumulative frequency up to 1 = c

The cumulative frequency up to median = N/2 (by definition)

The cumulative frequency uptol+h = c + /

The increase in cumulative frequency up to median from I = c

Hence, for an increase of f in cumulative frequency, the value increases by 
h.

Therefore, for an increase of — - c in cumulative frequency,

,N x

the value increases by —y—*h

Hence, the value of the median = I+^y^,^assuming that in the class with lower limit

I, the f observations are uniformly spaced. Therefore, median will be calculated by 
using the following analytical formula.

Median = i +

where 1 = lower limit of the median class 
f = frequency of the median class 
h = width of the median class 
N = total frequency
c = the largest cumulative frequency which is < N/2.
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Example 4: Calculate the median of the distribution of marks obtained by 40 students
as given below.

Marks Frequency
31 7
39 9
47 6
53 10
57 8

The first step to find out the median is to write down the cumulative frequency table
and then to find out the N/2 th value where N is the total frequency. The cumulative
frequencies of the given data are as follows:

Marks Frequency Cumulative Frequency

31 7 7
39 9 16
47 6 22
53 10 32
57 8 40

Here, N is equal to 40 and N/2 equal to 20. Therefore, the median is the 20th value.
In the given problem 20th value is 47 and hence the median is 47 for the given data.

Example 5 ; The following table gives the weights of 50 persons. Find the median
of the weights.

Weight in Kg. Number of persons

40 - 45 6
45 - 50 9
50 - 55 11
55 - 60 8
60 - 65 9
65 - 70 7

To find the median the following steps are required.

Step 1 : Write the cumulative frequencies and identify the median class.
The cumulative frequencies of the g iven distribution are

Marks Frequency Cumulative Frequency

40 - 45 6 6
45 - 50 9 15
50 - 55 11 26
55 - 60 8 34
60 - 65 9 43
65 - 70 7 50

N = 50
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Here, total frequency, N = 50.

Median class is the class in which N/2 Lh value lies. Therefore, die medjan class is 
50-55 because 50/2 = 25 th value lies in the class 50 - 55.

Step 2: Calculating the median by using the formula

In the given problem,

{, the lower limit of the median class=50 

N, the total frequency = 50

c, the cumulative frequency upto the median class = 15 

f, the frequency of the median class = 11 

h, the width of the median class = 5

By substituting these values in the above formula, we get the median. 

5<h-i5Median = 50 + ——— x 5
11

= 50 + 4.55

54.55

Graphical method of finding the median:

An easy method of obtaining the median is by drawing an ogive and finding the 
value (x-coordinate) corresponding to y=N/2. For this, first draw a parallel line to the 
x-axis at the cumulative frequency equal to N/2 and then draw a perpendicular to x-axis 
from the intersection point of this parallel line and the ogive (less than or more than). 
The foot of the perpendicular on the x-axis gives the median. Also, median is the foot 
of the perpendicular drawn to the x-axis from the intersection of the less than and the 
more than ogives.

Example 6 : Draw the less than and more than ogives for the following data and obtain 
the median.

Class frequency'

0 - 10
10 - 20 
20 - 30 
30 - 40 
40 - 50 
50 - 60 
60 - 70

4
8

11
15
12
6
3
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To draw the ogives, Lhc first step is to calculate the less than and more than 
cumulative frequencies. The cumulative frequencies for the givc/lata arc as given below:

• Class Frequency
Less than
cumulative
frequency

More than
cumulative
frequency

0 - 10 4 4 59
10 - 20 8 12 55
20 - 30 11 23 47
30 - 40 15 38 36
40 - 50 12 50 21
50 - 60 6 56 9
60 - 70 3 59 3

By considering the class limits on x-a.xis and the corresponding cumulative frequencies 
on y-axis, the ogives can be drawn as in the following figure.

Fig. 1
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Now draw a perpendicular to the x-axis from the intersection of die two ogives. 
The foot of this perpendicular is die median.

Here the foot of the perpendicular is 34.33 and therefore, the median is 34.33.

The accuracy ot the median value obtained by graphical method depending upon 
the skill of drawing of the ogives. Therefore, generally we may get only an approximate 
value to the median by grpahical method.

An important property of the median : The sum of the absolute deviations of the 
values is minimum when the deviations arc taken from Lhe median.

Median is not affected, much by extreme values. It can be calculated even for 
distributions with open-end classes. Median is used while dealing widi daLa which cannot 
be measured quantitatively but still can be arranged in ascending or descending order 
of magnitude.

But sometimes median is not changed even some observations arc changed and 
also, it is not possible to calculate in cases of frequency distributions where the median 
class coincides with the open class if any. In such cases, we consider another average 
known as ‘mode’.

3 Mode :

Mode is the value which occurs more frequently than others. For example, in 
the following raw data mode is equal to 18, because this value occurs more times than 
the other values.

12, 17, 18, 22, 18, 15, 17, 16, 27, 18

In ungrouped data like this, mode can be obtained by mere inspection. Even in 
the case of grouped data without class-intervals, mode can be calculated easily.

If there are two or more values occurring with the same maximum number of 
times, then all those values are the modes of that data. The distribution having only 
one mode is known as uni-modal distribution, having two modes is bi-modal distribution 
and having more than two modes is known as multi-modal distribution.

In case of grouped data with class-intervals, mode is given by the following formula.

Mode = 1+t£A-7"x/2

where [ = the lower limit of the modal class (modal class means the class 
having the maximum frequency)

f = frequency of the modal class (or maximum frequency) 
fi = frequency of the class preceding the modal class_ 
f2 = frequency of the class succeeding the modal class 
h = width of the modal class.
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Thc above formula can be used only when the width of the modal class is not 
greater than the width of any other class. This is important, because as otherwise, the 
frequency of a class can be increased by increasing the width and any class may become 
a modal class.

Example 7 : Find the mode for the following distribution.

Class Frequency

30-35 4

35-40 7

40-45 12

45-50 9

50-55 9

55-60 5

To calculate the mode of any frequency data of this kind, the first step is to identity the 
modal class. Modal class is the class having the maximum frequency.

In the given problem, the maximum frequency is 12 and the class corresponding 
to this is 40-45. Therefore, the modal class is 40^5.

Now, we can use the formula

Mode
4 J i A.

to calculate the mode.

In the given problem, the modal class is 40-45. Then, _ ___

t, the lower limit of the modal class = 40 

S, frequency of the modal class = 12

frequency of the preceding class to the modal class = 7 

(because the preceding class is 35-40)

^. frequency of the succeeding class to the modal class = 9 

h, width of the modal class = 5

Now by substituting these values in the formula, we get

Mode = 40 + -12'7- x 5 
2x12-7-9

= 4()
8
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= 40 + 3,125 

= 43.125

Example 8 : Calculate the mode of the following distribution

Class Frequency

10 - 20 10

20 - 30 11

30 - 50 22

50 - 60 12

60 - 70 11

70 - 80 9

80 - 90 8

Here the modal class cannot be 30-50 as it appears, when compared to other classes, 
the width of the class 30-50 is more and so the maximum frequency may be due to this 
increased widLh. In such situations, we regroup the classes so that the class corresponding 
to the maximum frequency to have the width not more than the width of any other 
classes.

In the given problem, we combine 10-20 and 20-30 classes into one class as 
10-30 and similarly, the two classes 50-60, 60-70 in one class as 50-70 and the other 
two classes 70-80, 80-90 into one as 70-90.

The new distribution is as follows:

Class Frequency

10-30 21

30-50 22

50-70 23

70-90 17

Here, the maximum frequency is 23 and therefore, the modal class is 50-70. Now we 
can use the formula and obtain the modal value. Since the modal class is 50-70,

1=50, f=23, /i = 22, h=17, h = 20

Mode - 50 + 2 x 23 - 22 - 17
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7
= 50 + 2.357 

= 52.857

Another method in the above problem is to write the class 30-50 as 2 classes 30-40 
and 40-x50 with die same frequency 11 each. Sometimes, it is possible that the given 
data may possess two or more than two modes. Before calculating these modes, we 
should make sure for the existence of two or more than two modes. This can be seen 
by the ‘method of grouping’.

Method of grouping:

The different steps involved in this method are as follows:

Step 1: The given frequencies are grouped by twos, adding frequencies of 
classes 1 and 2; 3 and 4 and so on. Suppose there are 7 classes 
and hence 7 frequencies are given. Now these frequencies arc 
grouped by twos adding the frequencies of classes 1 and 2; 3 and 
4; 5 and 6. After the class 6, there is only single class viz. the 
class 7. Hence, the frequency of this class 7 is left out of consideration. 
Generally, if the number of classes is odd the last class is left out 
of consideration. These sums will be written in a separate column 
against the mid position of the two concerned frequencies.

Step 2: The frequency of class 1 is left out. The remaining frequencies are 
grouped by twos, adding the frequencies of classes 2 and 3, 4 and 
5, and so on. While grouping like this, if we are left with a single 
class in the end as in step 1, we leave it out of consideration. These 
sums also are written in another column as in step 1.

Step 3: The frequencies arc grouped by threes, adding the frequencies of 
classes 1,2 and 3; 4,5 and 6; and so on. while grouping like this, 
if we are left with one class or two classes in die end, they arc 
left out of consideration. These sums will be written in a separate 
column like the sums in steps 1 and 2. Each sum will be written 
against the 2nd frequency of the three concerned frequencies for 
that sum.

Step 4: The frequency of class 1 is left out. The remaining frequencies are 
grouped by threes, adding the frequencies of classes 2,3 and 4; 5,6 
and 7 and so on. Here also, while grouping, if we are left with 
one class or two classes in the end, they are left out of consideration. 
These sums also will be written in a separate column as the sums 
in step 3.

Step 5: The frequencies of classes 1 and 2 arc left out. The remaining 
frequencies are grouped by threes adding the frequencies of classes

3,4 and 5; 6,7 and 8 and so on. These sums will be written in a 
separate column.
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Siep 6: Similar to the earlier steps, sums of 4,5.....  frequencies will be
obtained and written in separate columns. This procedure will be 
continued until we get at least two such sums in a column.

Step 7: The table indicating those sums is known as ‘grouping table’. After 
the preparation of this grouping table, another table, called ‘analysis 
table is prepared.

Step 8: Identify the maximum values in all frequency columns and the 
corresponding classes responsible for those maximum frequencies.

Step 9: Count the number of times each class interval is contributing to the 
maximum frequencies. The class contributing maximum number 
of times to the maximum frequencies is the modal class. If there 
are more than one such classes then all those classes are the modal 
classes and the distribution is known as multimodal distribution. 
The modes corresponding to each modal class will be calculated by 
using the formula.

Example 9 : Calculate the mode of the following data

Class Frequency

10 - 20 8

20 - 30 12

30 - 40 12

40 - 50 9

50 - 60 7

Here, the modal class is not unique and therefore, we have to verify whether both 20-30 
and 30-40 are the modal classes or not. This verification can be done as stated earlier 
by the method of grouping. The grouping table for the given problem is as follows:

. Class Frequency 
Column 1 Column 2 Column 3 Column 4

10 - 20 8 -

20 - 30 © 20 32

30 - 40 © ©

40 - 50 9 ©

50 - 60 7 16
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Hcre, wc stopped at column 4 only because the number of sums in that column is one.

The maximum frequency in each column is marked by circling it. The analysis table 
for this grouping is given below.

Class Number of times contributing to max. frequency

10 - 20
20 - 30 II (2)
30 - 40 HI (3)

From the analysis table, it is observed that die class 30-40 is contributing 3 times to the 
maximum frequency and this number is more than the number of times-that any other 
class contributing to the maximum frequencies. Hence, the modal class is only 30-40 
but not both. The maximum frequency corresponding to 20-30 is by chance, but not 
actually true.

Because, the modal class for the given data is 30-40,

and

= 12, Ji = 12, f2 = 9,

= / ♦ ' --ft
2/ - - C

= 30 12 - 12
2x12-12-9

= 30

10

Sometimes, mode will be calculated approximately by the following formula.

Mode - I + x h
A +

where 1 = lower limit of the modal class

fi = frequency of the class preceding the modal class 

S2 = frequency of the class succeeding the modal class 

h = width of die modal class

Graphical method of calculation of mode: Mode can be calculated from the frequency 
curve of the given distribution. The x-value corresponding to the highest ordinate (the 
maximum frequency) of the frequency curve is the mode.
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Example 10 : Obtain the mode by graphical method for the following distribution.

Class Frequency

40 - 50 14
50 - 60 16
60 - 70 22
70 - 80 29
80 - 90 17

loo i5

Fig 2

The frequency curve of the given data is given above.

The value of x corresponding to maximum point is 75 and therefore, mode of the given 
distribution is 75 approximately.

Empirical formula to calculate Mode:

Sometimes, the mode can be obtained in terms of the values of arithmetic mean 
and median by using the following relation.

Mode = 3 (Median) - 2 (Arithmetic Mean)

This relationship is only observed relationship. There is no mathematical proof for this. 
The_yalue obtained by this formula is only an approximate value.

It is not possible to obtain mode in the situations where the modal class coincides 
with an open end class or the preceeding and succeeding classes and the modal class 
are not having the same width to decide the maximum frequency corrccLly.
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Diagrammatic Representation of Statistical Data

To simplify the complexity of statistical data and to draw the conclusions, data 
can be presented by means of various types of pictures or diagrams. The main types 
of diagrams are

a) Line diagrams

b) Bar charts- Absolute or Percentage and sub-divided

c) Area diagrams 

a) Pictograms

c) Pic diagrams

f) Cartograms

g) Histograms

h) Frequency Polygon

i) Frequency curve ; ■ • • .

j) Cumulative Frequency curve (Ogive)-less than, more than. .

In the above mentioned diagrams, the lost four are related to the frequency distributions.

Line Diagram : Line diagram consists of a scries of line segments to represent the 
magnitude of the item concerned as shown in die following example.

Example : Draw a line diagram to represent the following data obtained from plan 
ouday of the Central Government under the fourth five year plan.

Heads of Expenditure Rupees (crores)
1. Transportation and communication 3237.26
2. Irrigation and Flood control 1086.57
3. Agriculture and allied sectors 2728.18
4. Industry and Minerals * 3337.71
5. Education .• 822.66

The line diagram for the above data is.drawn as below by considering the amount 
vertically and the Head items horizontally.

Head of Expenditure
Fig 1
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Example 2 ; Draw a line diagram for Lhe following data regarding the exports of
certain item.

Year 1981 1982 1983 1984 1985

Export Quantity 211 175 308 308 276

A line diagram can be drawn for the above mentioned data by considering die years 
horizontally and quantities vertically as follows.

Fig 2

In the above diagram, the successive points are joined by straight line segments. 
This diagram can also be drawn by indicating the quantities by straight line segments, 
drawn vertically as in the previous figure. But by drawing the line diagram in this way, 
it is advantageous to see whether the exports are increasing or decreasing in successive 
years or not. Another type of diagrams known as Bar Diagrams will be preferred to 
line diagrams as they look better.

Bar Diagrams

The term bar is used for a thick wide line. Bar diagram consists of a scries of 
bars of equal width. The bars stand on a common base line with equal gap between 
one bar and another. The bars may be either horizontal or vertical. But vertical bars



-145-

arc preferred as they give a better look and facilitate comparison. The bars are constructed 
in such a way that their lengths are proportional to the magnitudes. Bar diagrams are 
called as one dimensional diagrams.

Example : The following data give the number of students in different classes of 
Karnataka. Represent this data by a bar diagram.

Class Number of students

I 442839
II 354605

III 288718
IV 286045

V 263182

To represent the above data by means of bar diagram, five bars corresponding to those 
five classes will be drawn so that their lengths are proportional to the respective number 
of students.

<n
c

Z3
IO

oCO
4- Co o 
6

The bar

F»g 3

diagram used to represent only one variable (number of students in different 
classes) is known as a simple bar diagram. In the above example, suppose the number
of students are given separately as boys and girls corresponding to each class. In this 
case, two bars one for boys and the other for girls of each class will be drawn to represent 
the data. Such bar diagrams arc known as multiple bar diagrams. Sometimes, instead 
of drawing two bars separately for boys and girls, one bar will be drawn to represent
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ihe total students of each class and then that bar will be divided into two parts to interne 
the boys and girls of that class as indicated below and such bar diagrams are kuo.-,n as 
subdivided bar diagrams. These will be used to represent two or more than two variables. 
In the bar diagrams, if the lengths of bars are proportional to the pcrcenqige 01 figures 
instead of absolute values then those diagrams are known as percentage Gar diagrams.

Classes
Fig 4

Area Diagrams

Geometrical figures such as squares or circles are used to represent die data. 
They give a better comparison than bars and are convenient whenever bar charts are 
noL feasible to draw as when one frequency is relatively very large. The areas of these 
figures arc proportional to the magnitudes of die frequencies.

In the construction of squares, first of all the square roobof the various numbers 
of the data is calculated and then squares are drawn widi the lengths of their sides in 
the same ratio as the square root of die original numbers given.

Example : Draw an area diagram for die following data.

The following table gives the number of operations performed by five doctors in 
a certain hospital during a period of one year.

Doctors Number of operations performed

A 16
B 64
C 36
D 81
E • 16
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Here five squares will be drawn corresponding to five doctors such that the area of each 
square is proportional to the respective number of operations as shown below:

D

C
E

Fig 5

Here, each side of the square is equal to the square root of the corresponding number 
of operations. To represent the above data, circles also can be drawn as follows.

Fig 6

Pictograms

Sometimes pictures are drawn to represent the relative values of items. The pictures 
drawn are of the same size and the number of pictures are in proportion to the values 
of various items which have to be represented. For example, the number of thatched 
houses and p<^ca houses in a town can be represented by drawing the thatched house 
and pttcca house figures. The number of thatched house figures should be proportional 
to the'actual number of thatched houses in that town. This type of representation is 

more attractive and easy to understand.

Pie diagrams

Pie diagram is popularly used in many publications, it is used purely to impress 
the layman about the distribution of any quantity between different persons or trades, 
etc. The word pie is of Latin origin indicating the shape of a cross section of an apple. 
Here, a circle is divided into different sectors so as to represent different quantities.

Example ' : The following table indicates the persons of different languages in 
R.C.E., Mysore. Represent these data by a Pic diagram.
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Language oi persons

Tamil 123
Telugu 146
Kannada 87
Malayalam 105
Others 24

Total 485

Considcr the following steps to draw the required pie diagram.

Step 1 : Draw a circle with a suitable radius (say 10 cms).

Step 2 : Divide the circle into 5 different sectors in such a way that each 
sector represents one language group and the area of each sector 
is proportional to the number of persons of that group. This division 
of the circle into different sectors is possible after dividing die angle 
at the centre of the circle into five parts corresponding to the five 
language groups.

We know, the angle at the centre = 360’. Therefore, these 360* will be divided 
into five parts.

The first part which is equal to (123 / 485 ) X 360 = 91.3 because the ratio 
of the Tamil speakers to total speakers is 123 / 485.

Similarly, corresponding to

Telugu, the angle is (146 / 485) X 360 = 108.4
Kannada, the angle is (87 / 485) X 360 = 64.^

Malayalam, the angle is (105 / 485) X 360 = 77.9
Other languages, the angle is (24 / 485) X 360 = 17.8

Therefore, five different sectors making angles 91.3, 108.4, 64.6, 77.9,17.8 at the centre 
will be used to represent the different language groups as shown below:

Fig 7
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Diffcrenl colours may be used to indicate die different sectors. In addition to the above 
information, if die number of persons are given as males and females in each group, 
then that information also can be represented by a pic diagram by dividing each sector 
in the above diagram into two sectors so as to represent males and females of that group. 
Similarly, data regarding more number of variables also can be represented with the help 
of a pig diagram in a more legible way and in less space. If the number of variables 
arc more, then the comparison is not so easy in a pie diagram as in the case of bar 
diagrams.

Cartograms
Sometimes, data will be represented by drawing suitable cartoons. For example, 

suppose we have to represent the coal mines in India. These mines can be represented 
by indicating die locations on a map of India by a suitable symbol. For each mine one 
symbol will be used. By just looking at the map, the location and the number of the 
coal mines will be spotted. Similarly, on the same map, other informations like die 
number of major hydro-electric projects can also be represented. Places with the same 
rainfall can be indicated by drawing suitable lines passing through those places. 
Generally, cartograms are more informative.

As indicated earlier the other diagrammatic representations arc related to frequency
distribulons.

Histograms

The data arc represented as a series of rectangles. Class-intervals arc shown on 
the x-axis and the frequencies in terms of the lengths of rectangles are on the Y-axis.There 
are as many rectangles as there are classes. The area of each rectangle represents die 
corresponding frequency of that class and the total area represents the total frequency.

With a suitable scale, mark all the class-intervals in the given frequency table on 
the x-axis, with the class-intervals as bases, draw rectangles with areas proportional to 
the frequencies of the class intervals. For equal class intervals, the heights of the rectangles 
will be proportional to the frequencies.

Example : Draw histogram for the following data.

Marks Number of students

0 - 20 05
20 - 40 11
40 - 50 7
50 - 60 12
60 - 100 15

To draw the histogram corresponding to the given data, class- intervals should 
be represented on x-axis with suitable scale (say 1" = 20 units). Then erect rectangles 
on these class intervals such that the areas of these rectangles are proportional to the 
corresponding frequencies of those classes. For these, the length of each rectangle 
should be calculated and to be represented on the y - axis. For example, the area of
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the first rectangle should be proportional to 5 units of frequency. But the base (class 
width) is one unit according to the scale considered. Therefore, the height of this’ 
rectangle can be considered as 1 unit on the y - axis so that the area of the rectangle 
as 1 square unit and this is proportional to die frequency of 5 units. The lengths of 
odier rectangles are as follows:

Length of rectangle corresponding to the interval 20 - 40 = (11 / 5) X 1/1 = 2.2

units because the ratio of the frequencies of first and this class is 11/5 and the 
corresponding ratio of class widths is 1/1.

The lengths of other rectangles are

| (7 / 5) X 1 / (1/2) = 2.8, (12 / 5) X 1 / (1/2) = 4.8, (15 I 5) X 1/2 = 1.5

The histogram corresponding to the given data is as below:

Fig 8

While drawing the histogram, class limits means the practical class limits (or class 
boundaries) and therefore, generally continuous class intervals will be considered.

Frequency Polygon and Frequency Curve
■

For a grouped data, without class intervals, the frequency polygon is obtained by 
plotting points with abscissa as the variate values and the ordinates as the corresponding 
frequencies and joining the plotted points by means of straight lines. For grouped data 
with class intervals, the abscissa of the points are the mid-values of the class intervals.

The frequency curve dan be obtained by drawing a smooth free hand curve through 
the vertices of the frequency polygon.
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Example : Draw the frequency polygon and the frequency curve of the data given 
in the previous example.

To draw the frequency polygon or frequency curve, it is necessary to calculate the
mid-values of the class-intervals, 
data are as below:

Therefore, the mid-values corresponding to the given

Mid value x No. of students (frequency)

10 5

30 11

45 /

55 12

80 15

The next step is to indicate these mid values on the x-axis with suitable scale and the 
corresponding frequencies to be considered as the ordinates. The five points are as 
indicated in the following figure.

9
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--------- !-------- 1-------- !--------- 1______ I_____ I_____ I______ 1 l I______
10 20 30 40 50 60 70 80 90 100

Mid Values
Fig 9

Now, by joining these points by straight line segments, we get frequency polygon and 
by joining the points by free-hand curve, we get the frequency curve. But for all practical 
purposes, we join the end points with the points on the x-axis corresponding to the mid 
points of the preceding and succeeding class intervals to the first and last class-intervals. 
Here, we assume the width of the preceding class is equal to the first class and the width 
of the succeeding class as equal to the last class. The frequencies of these assumed 
classes are zeros. The frequency polygon and the frequency curve forthe given data 
in the above example are indicated in the next page.
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There are two types of cumulative frequencies- less than’ cumulative frequencies 
and ‘more than’ cumulative frequencies. The less than cumulative frequency of any 
class is the number of observations having the values less than or equal to die upper 
limit of that class. Similarly, the more than cumulative frequency of any class is the 
number of observations having the values greater than the lower limit of that class. 
Firstly, form the cumulative frequency table and then plot the points with upper limits 
of the classes as abscissa and the corresponding less than cumulative frequencies as 
ordinates. The points are to be joined by a free- hand smooth curve to get the less than 
cumulative frequency curve or the less than ogive. Here, die cumulative frequencies 
are the less than cumulative frequencies and therefore, the ogive known as less than 
ogive. Similarly, corresponding to the lower limits and more than cumulative frequencies,
an ogive can be drawn and in that case 
ogive.

Example : Draw the less than and

Marks

0 - 10

10 - 20 

20 - 30 

30 - 40 

40 - 50

we call it as more dtan ogive or greater than

more than ogives for the following data 

Frequency

.2

18

19

35

40
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The first step before drawing an ogive is to calculate the cumulative frequencies. For 
the given data, the cumulative frequencies arc as follows:

Marks Frequency Less than cumulative 
frequency

More than cumulative 
frequency

0 - 10 - 2 2 114
10 - 20 18 20 112
20 - 30 19 39 94
30 - 40 35 74 75
40 - 50 40 114 40

Now the different points to draw less than ogive are (10,2), (20,20) (30,39), (40,74), 
(50,114).

Similarly, the different points to draw more than ogive are (0,114), (10,112), (20,94), 
(30,75) and (40,40).

By plotting these points on a graph sheet and joining in order, we obtain the respective 
ogives as shown below:

Fig. 11
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From the ogives, it is easy to find out the number of observations having the 
value greater than or less than any given value. Also, for any given number of observations, 
it is possible to obtain the value so that Lhe number of observations greater than that 
value or less than that value is the given number. In some particular situations, ogives 
are very helpful to get the required information directly.

Frequency polygon, frequency curve and ogive can also be drawn by considering 
the percentage frequencies and percentage cumulative frequencies instead of die absolute 
frequencies. In those cases, we call them as percentage frequency polygon, percentage 
frequency curve and percentage cumulative curves (or ogives) respectively.

After presenting the data in the suitable forms, the next stages are comparing, 
analysing and interpreting the data.

9. Comparing5analysing and interpreting data

After the statistical data are collected and presented in a systematic manner by 
means of tables and charts, it must be summarised and condensed for the sake of 
comparison of the present data with die similar type of data. One of die ways of 
condensing the data is finding a measure of central tendency or average. The averages 
will be discussed in the next unit.

Exercises
The following numbers give die weights (in kg) of 30 students of a class. 
Prepare a suitable frequency table considering 6 classes and draw the histogram, 
frequency polygon, frequency curve and* ogives separately for this data.

42, 53, 56, 39, 42, 41, 66, 38, 45, 46, 31, 43, 52, 51, 51, 36,
38, 49, 48, 51, 59, 62, 54, 51, 40, 35, 32, 37, 41, 50

Discuss the need for and use of diagrammatic representation of statistical data 
and show its limitations.

Represent the following data by a suitable diagram so as to compare the 
expenditure by two families A and B.

Item of Expenditure Expendi ture in Rs.

Family A Family B

Food 460 520
Clothing 215 130

• Fuel and lighting 38 80
Rent" 240 190
Miscellaneous 160 180
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Suggest suitable diagram with proper reasons to represent the data in the 
following cases.

a) Number and causes of termination of employment in a factory in a given 
year.

b) To compare the exports of a certain item during a period of 6 years.

c) Taxes paid by an individual each year.

d) Radio licenses issued in a particular city compared to total licenses in the 
entire state.

e) Number of passes and failures in different classes of a secondary school.

"In collection and tabulation of statistical data common sense is the chief 
requisite and experience, the chief teacher". Discuss.

Prepare a tabular form where you can give the distribution, of population 
according to sex, six age groups, four occupations in three important cities.

Prepare a suitable questionnaire form, tabular form for consolidation, method 
of collection in an investigation of the following problems.

a) Beggar problem in Bangalore city.

b) Cost of living and education among college students in Mysore city. 

Briefly explain how you draw a pie diagram for a given statistical data.
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INDEX NUMBERS

Index numbers are a specialised type of average. Index 

numbers are meant to study the changes in the effects of 

such factors which cannot be measured directly. Index number 

is a relative measure of the central tendency of a group of

items.

The changes can be either in relation to time or in 

relation to place.

Relative changes can be measured by the use of common

denominator.

Different stages of constructing index numbers are

1. object of the index number

2. the selection of items

3. the selection of the base year

4. selection of the average

5. selection of suitable weights

Selection of Items
a. It should be representative of the tastes, habits, 

customs and necessities of the people.

b. It should be stable in quality and preferably should be 

standardised or graded.

c. Number of items.

d. Varieties of a commodity.
I

e. Classification of items - Food articles, Industrial raw

materials,Semi-manufacturers,Manufacturers, Miscellaneous

food articles - Cereals, Pulses,-others
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Selection of Base

1. Fixed base method

2. Chain base method

Weighing of index numbers is essential, that weight 

should be rational, that rational weights are usually money 

values and lastly, that weights should be fluctuating.

— Implicit
We i g h i ng-<CZ^

~~ --Explicit

Weighted aggregate method: Quantities in the base year 

are taken as weight.

£Piqo
Weighted Index Number =-•--------- x 100

£PoPo

Cost of Living Index Number

The necessity of the construction of cost of living 

index numbers arises on account of the fact that wholesale

price index numbers measure the variation only in the 

general level of prices.

Steps

1. The persons to be included

2. Family budget enquiry

a. Food articles - cereals, pulses, others

b. Clothing

c. Fuel and Lighting

d. House rent

e. Miscellaneous

The two methods are: (1) Aggregate expenditure method 

and (2) Family budget method.
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Cost of living index numbers are generally not being 

accurate. It is difficult to get accurate price quotations.

Fisher has laid down two tests for a good index 

number. They are (1) Time reversal test and (2) Factor

reversal test.

1. Time reversal test
The test is that the formula for calculating an index 

number should be such that it will be the same rating 

between one point of comparison and the other no matter

which of the two is taken as base.

Pol x Plo = 1

The indices which use simple geometric mean satisfy this

test.

2. Factor reversal test
Just as each formula should permit interchange of two 

items without giving inconsistent result so it ought to 

permit inter-changing the price and quantities without 

giving inconsistent result, i.e. the two results multiplied 

together should give the true value ratio.

If pi and po represent the prices and q^ and qo the 

quantities in the current and the base years respectively 

and if pO]_ represents the change in price in the current 

year and qO]_ the change in the quantity in the current year,

then



-159-

£ Pl^l
Pol x Qo1 =

z. PoPo

This zest is an ideal test.

Circular Test
Pol x P12 x P2o = 1

Laspeyer's Formula
£PlQo

Pol =
21 poqo

This will not satisfy the time reversal test.

Paasche’s Formula
£ Pl<3l

Pol =
£ PoQl

This index number is not reversible.

Bowley's Formula
2 PlQo £Pl<3l 

Pol =------ +--------
2poq0 £poqi

Fisher's Formula I

I ZPl<3o £Pl°l 
Pol = I --------  ■ --------

\/ £Po<3o £Po°l

It will satisfy both time reversal and factor reversal tests.

Fisher's Formula II

£ (qo + qi)Pi
Pol =-----------------------

r(qo + qi)po

Index numbers of price, cost of living, industrial

production, business conditions, exports, imports, profits, 

etc. very useful in their own fields.
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